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Fig. 1. Open-boundary problems. Many problems in graphics involve elliptic equations defined on unbounded domains with far-field conditions. Our
proposed partitioned, iterative solver enables the efficient solution of such open-boundary problems and supports a range of visually compelling applications,
which include simulating the flow around a submarine moving through deep water, reconstructing the Sun’s coronal magnetic field from observational data,
computing the magnetic field of two interacting magnets magnetized by an external field, and recovering a harmonic function outside a bunny model from

prescribed surface constraints, as illustrated through streamlines or false colors in these examples.

Poisson equations arise pervasively in computer graphics, yet efficiently
solving them on unbounded domains remains a long-standing challenge.
Existing approaches attempting to model boundary conditions at infinity
either incur prohibitive computational costs by expanding the simulation
domain, sacrifice accuracy through artificial boundary conditions, or lack the
flexibility to handle varying coefficients. In this paper, we introduce a simple
and practical method for solving generalized Poisson equations on finite
domains with open boundaries, enabling exact enforcement of asymptotic
conditions at infinity. Our method couples a finite-volume interior solver
with a boundary-element formulation of the exterior problem, enforcing
continuity of both the solution and its normal derivative across an artificial
boundary. Inspired by Johnson-Nédélec coupling and interface relaxation,
we develop a partitioned, iterative scheme based on damped fixed-point
iterations, which leverages fast, inexact boundary-element solves for the
exterior problem and efficient sparse solves for the interior. Theoretical
analysis and empirical tests confirm that our method provides superior
accuracy and performance compared to existing ad-hoc solutions across a
variety of graphics applications.
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1 Introduction

Efficiently solving the Poisson equation—and its generalizations
involving spatially-varying or nonlinear coefficients—is essential
across a variety of computer graphics applications, ranging from
geometry processing to physical simulation, including image fusion
[Pérez et al. 2003; Agarwala 2007], shape-from-shading [Agrawal
et al. 2006; Harker and O’Leary 2008], barycentric coordinate in-
terpolation [Joshi et al. 2007; de Goes and Desbrun 2024], surface
reconstruction [Kazhdan et al. 2006; Kazhdan and Hoppe 2013],
mesh parameterization [Vaxman et al. 2016; Floater 1997], fluid
animation [Bridson 2015; Stam 1999], and electromagnetic mod-
eling [Ni et al. 2024, 2020; Huang et al. 2019; Huang and Michels
2020]. For boundary value problems (BVPs) on bounded domains
with local boundary conditions, traditional discretization schemes—
namely finite element (FE), finite difference (FD), or finite volume
(FV) methods—transform the continuous partial differential equa-
tion and its associated boundary conditions into a structured linear
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system for which a wide array of established, high-performance
numerical solvers already exist.

However, many practical applications such as fluid flow in open
environments, far-field electromagnetic potentials, and free-space
surface reconstruction are supposed to involve unbounded domains,
and thus require the use of open boundaries on a finite computa-
tional domain, implicitly involving boundary conditions at infinity.
While graphics practitioners typically employ domain truncation
with Dirichlet, Neumann, or other ad-hoc boundary conditions, the
resulting approximation error decays slowly relative to the computa-
tional and memory costs incurred by larger domains. A case in point
is provided by virtual wind tunnels, where the vehicle for which the
aerodynamic coefficient is computed must be very small relative to
the computational domain to ensure that boundary effects do not
contaminate the results [Lyu et al. 2023]. Specialized techniques
like infinite elements [Bettess 1977] or exact artificial boundary
conditions (ABCs) [Han and Wu 2013] can approximate far-field
behavior; yet, they often introduce numerical ill-conditioning or re-
quire the Green’s function of the truncated domain to be analytically
tractable, limiting their general utility.

In contrast to FEM, FDM, and FVM, the boundary element method
(BEM) discretizes boundary integral equations (BIEs) rather than
the governing partial differential equations. By integrating the fun-
damental solution (or free-space Green’s function) of the differential
operator to assemble the linear system, BEM can inherently deal
with unbounded domains. However, BEM requires closed-form fun-
damental solutions, which are generally unavailable for nonlinear or
variable-coefficient operators. While hybrid strategies can address
general cases by coupling finite-domain methods for convoluted do-
mains with BEM for the domain exterior, the resulting linear system
matrices are dense and structurally heterogeneous. This technical
complexity and its induced computational overhead have hindered
the widespread adoption of such hybrid frameworks within the
computer graphics community.

Overview. Inspired by FEM-BEM coupling methods [Johnson and
Nédélec 1980; Elleithy and Tanaka 2003], we propose an iterative
scheme that enables finite-domain Poisson solvers to handle open
boundaries without modifying the underlying solver or governing
equations. In this framework, the interior solver functions as a “black
box” subject to Dirichlet conditions on the domain boundary. By ex-
tracting normal derivatives from the intermediate solution, we drive
a Boundary Integral Equation (BIE) to enforce compatibility with
the infinite domain. This BIE step provides the updated Dirichlet
conditions for the subsequent interior solve. One of the key contri-
butions of our work is the observation that an exact solve of the
exterior BIE is unnecessary—inexact solutions are faster to compute
and sufficient for rapid convergence. We provide formal conver-
gence proofs for the standard Poisson equation and demonstrate the
method’s versatility across canonical geometries and staggered-grid
discretizations. Our results across 2D and 3D benchmarks exhibit
high accuracy, often converging in just a few iterations. This ap-
proach obviates the need for large computational “padding” domains
and generalizes readily and effectively to variable-coefficient and
nonlinear Poisson-type problems.
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2 Related Work

We briefly discuss relevant methods and their underlying methods
for solving PDEs with open boundaries, including boundary integral
formulations, domain truncation via artificial boundary conditions,
and geometric inversion using the Kelvin transform.

Boundary Integral Equations (BIEs). For linear and homogeneous
PDEs without source terms, the solution is uniquely determined by
the boundary conditions constrained by the BIEs. Once these condi-
tions are resolved, the solution can be evaluated at an arbitrary point
in space. This formulation naturally accommodates infinite domains
with conditions at infinity based on the far-field properties of typi-
cal Green’s functions. This “surface-only” approach has benefited a
wide range of applications in computer graphics, including vector
graphics [van de Gronde 2010; Sun et al. 2012], geometry processing
[Solomon et al. 2017], deformation [James and Pai 1999], simula-
tion [Sugimoto et al. 2022; Schreck et al. 2019] and rendering [Xia
et al. 2020]. However, a historical bottleneck of boundary-driven
methods is their poor scalability, primarily due to the dense lin-
ear systems they generate. Recent advancements have mitigated
this issue through massively parallel sparse inverse preconditioners
[Chen et al. 2024, 2025], which scale up and accelerate the BIE solves
significantly, while hierarchical summation techniques [Greengard
and Rokhlin 1987; Hackbusch 1999; Barnes and Hut 1986] enable
efficient pointwise evaluation in unbounded spaces. In parallel, the
stochastic formulation of boundary integrals has contributed to the
rise in popularity of Monte Carlo methods [Sawhney and Crane
2020; Sugimoto et al. 2023; Sawhney et al. 2023], bringing useful
techniques from the rendering community into the realm of PDE
solvers. These methods facilitate massive parallelism via random
walks and can further leverage boundary caching to suppress noise
[Miller et al. 2023; Zhou et al. 2025]; however, their performance de-
grades in unbounded domains where most samples would never hit
the boundary, and for the remaining ones, the path can become long,
resulting in high variance [Nabizadeh et al. 2021]. Despite these
advancements, a critical limitation persists: boundary-driven meth-
ods falter when the PDE includes source terms, spatially varying
coefficients, or nonlinearities, which preclude a strictly boundary-
based formulation, and necessitates expensive volume integration
and domain sampling. Consequently, both deterministic and sto-
chastic methods would suffer significant penalties in computational
efficiency, accuracy, and numerical stability.

Artificial Boundary Conditions (ABCs). When dealing with infinite
domains, only a finite portion of space is covered by the computa-
tional domain, the border of which effectively creates an artificial
boundary requiring specific conditions. These conditions are in-
troduced to either approximate far-field behavior, or analytically
resolve the exterior problem, thereby minimizing artifacts caused by
the domain truncation. For wave equations, ABCs aim to make this
boundary “transparent” or “absorbing” to prevent spurious reflective
waves. To this end, Engquist and Majda [1977] developed a hierarchy
of local absorbing conditions by applying rational approximations
to the non-local operators in Fourier space. Taking a different ap-
proach, the Perfectly Matched Layer (PML) method [Berenger 1994;
Bojsen-Hansen and Wojtan 2016; Chern 2019] constructs a fictitious
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boundary layer to absorb incoming waves exponentially fast so in nity
that they do not bounce back and pollute the interior simulation. e YNYN—e- D pakxkes =2

For elliptic PDEs, the exterior problem can be solved analytically
using Green's identities, which express the normal derivative of
the solution as an explicit function of the boundary value. The re-
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sulting exact, non-local Dirichlet-to-Neumann (DtN) map [Givoli !
1
1
1
1
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exterior domain
R®n

and Keller 1989] is further used to constrain the interior solve in a rd=0

Galerkin framework. However, deriving such DtN maps typically

requires canonical interfaces (e.g., sphere in 3D), where an interface-

constrained fundamental solution can be obtained through Fourier
expansion. In contrast, Johnson and NedeIeF: [1980] 'mp_“C'tly de- Fig. 2. Dealing with open-boundaries. For generalized Poisson problems
ned the DtN map through a BIE for non-canonical boundaries, and i, ynhounded domains, we introduce an artificial boundary to truncate the
coupled the BIE with the interior PDE to form a global monolithic  computational domain and apply exact artificial boundary conditions to
system. While it o ers a far more general solution for arbitrary  accurately account for the exterior to far-field behavior of the solution. Our
interior/exterior interfaces, it incurs a high computational cost like  approach alternates between the interior and exterior solvers, yielding a
other DtN methods: the resulting system combines dense (boundary) simple and practical method for handling open boundaries.

and sparse (interior) blocks, a hybrid matrix structure that precludes
the use of high-performance solvers developed for either domain
individually. Addressing this bottleneck is our primary focus.

cavitie
. . . 1
interior domain 1

be numerically solved via a standard Poisson equation on a compact
. ) o interior domain. Recently, Nabizadeh et f1021] demonstrated that

_ Iterative Coupling (IC). To bypass the prohibitive cost 0f MONo- 1 can 4150 be applied to Helmholtz equation and is exible enough
lithic FEM/BEM solvers, prior work has turned to iterative coupling, 1, 4ccommodate di erent interior solvers, including mesh-based and
in which subdomains are solved separately and Dirichlet/Neumann ;4te Carlo methods. While KT excels at solving exterior homo-
data are exchanged across their common interfaces. This strategy geneous equations if the solution's asymptotic behavior at in nity
has been applied to both linear [Kamiya et aB96; Feng and Owen g ynown in advance, it cannot handle generalized Poisson equa-
1996; Elleithy and T_anakg 2003] and nonlinear [Soares. &0i}4] tions or cases lacking a bounding surface. In contrast, our method
pr.o.blems. As noted in Elleithy and Tanaka [2003], however, standard 5 4jes general, and possibly inhomogeneous, interior problems by
Dirichlet-Neumann and Neumann-Neumann schemes degenerate yagiqn while assuming the exterior is simply governed by Laplace's
when Neumann conditions cover the entire boundary of a subdo- equation. These two approaches are thus complementary, and one

main; for the Helmholtz equation, for instance, the standard remedy could even use KT as a viable alternative to the BEM employed by
following Després' approach [Després 1991; Bendali €2607] is to our approach for the exterior domain.

impose Robin-type conditions on the interface to avoid such break-
down. Our methoq is conceptually similar in splrlt, but the P0|ssop 3 Method Overview
setting admits a simpler x: imposing a vanishing boundary condi- ] ) ) )
tion at in nity ensures the well-posedness of the exterior Neumann e now outline our methodology, starting with the mathematical
problem, whose resulting NtD map then guarantees well-posedness formulation of open-boundary Poisson problems. We then introduce
of the interior problem. Moreover, while previous strategies require a0 arti cial boundary method to handle the inside and outside of
a full BEM solve at each iteration, we show that faster convergence the computational domain boundary, before detailing an alternating
can be achieved using inexact solves. Finally, convergence of FENfterior exterior solver for the resulting coupled problem.

BEM alternations depends critically on the choice of a relaxation )

parameter whose admissible range can be determined via eigenanal-3.1  Problem Formulation

ysis [El-Gebeily et al2002]; however, such an approach is often  We address the following class of boundary value problems:
intractable for large-scale applications, motivating on-the- y adjust-

ment strategies instead. We thus recommend using Aitken acceler- r 101xeDerDorDx® 21xeD°Dx° =51x% x 2% » (1a)

ation [lrons and Tuck 1969], which has already been adopted for . 00 o MR o
iterative coupling in the graphics community and beyond [Coulier ST Vi D(lx VX H:X =61x% x2me (1b)
etal. 2014; Akbay et al. 2018]. D logkxks 3 =2
. , - and 0g KX - kxk!1l (Lo
Kelvin Transform (KT). Turning unbounded domains inside out D!0e 3=3

through coordinate stretching [Grosch and Orszag 1977] is another

approach to solving exterior problems using standard nite-domain  in 3 dimensions§ = 203), where . R ® denotes one or more

solvers. However, this geometric inversion often results in singular,
ill-conditioned systems and may incur severe discretization errors.
Originally introduced by Thomson [1845], the Kelvin transform

cavities (closed subdomains, with the empty set as a trivial case).
The solutionD1x°is sought in the unbounded domain outside of
the cavitiesR® n 5, subject to a mix of Neumann and Dirichet con-

addresses these issues by decomposing the solution of an exterior ditions on the cavity boundary, together with a far- eld condition

Poisson equation into a scaling factor which captures the asymp-
totic behavior at in nity and a well-behaved component that can

governing the asymptotic behavior @!x°askxk ! 1 see Fig. 2
for an illustration. Many graphics applications boil down to solving
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this type of problems, each characterized by speci ¢ PDE coe -

cients, source terms, and boundary data. We discuss the various

components of this general problem next.

Partial Di erential Equation. Eq. (1a) is a generalized Poisson
equation, wherd) denotes a di usion coe cient, 2 is a reaction
coe cient, and 5 represents a prescribed source eld. In many

graphics applications, these quantities are assumed to have compact

spatial support, meaning th&, 5 are nonzero an@ varies only over

a localized region though the induced solution may propagate far
beyond it. Accordingly, these coe cients are typically discretized
over the elements of a mesh in a piecewise constant or linear fashion,
and set to zero (or constant f@) outside of it. In general, Eq. (1a)
is nonlinear sinced and/or2 may depend on the solutioB or its
gradient; however, if these coe cients reduce to functions of spatial
coordinatex only, the equation becomes linear. Notably, setting
0 1and 2 0turns Eq. (1a) into the classical Poisson equation.

1
Boundary Conditions. Very often, the domain contains cavities
representing physical objects, such as conductors in an electrostatic )

eld, obstacles in a uid ow, or scattering bodies in wave propaga-
tion. On the cavity boundarym », speci ¢ conditions Eqg. (1b) on
the solutionD are imposed, involving a linear combination of the
solutionDand its normal derivativesnDemiwhere the unit normal
vectorn points outwards from ;). The weightV:m ¢! » 01%
determines the boundary type and allows for a smooth transition
between Dirichlet conditions\{ =0, specifying potential), Neumann
conditions { =1, specifying ux), or Robin conditions (¥ V Y1,
specifying a mix), while the functio® : m (!R further prescribes
the associated boundary data.

Far-Field Condition. To ensure the well-posedness of the problem
in this unbounded setting, a standard far- eld condition is imposed
through Eq. (1c) to guarantee the unigueness of the solution. In three
dimensions, the condition simply requirds'x°to vanish at in n-
ity. Such a condition arises naturally across a number of physical
contexts: in electrostatics, the electrical potential due to a localized
charge distribution decays to zero at in nity; in uid dynamics, the
perturbation velocity induced by a stationary obstacle vanishes far
from the body; in heat conduction, the temperature rise above the
ambient value decays to zero as the thermal in uence diminishes
with distance; and in quantum mechanics, the wavefunction of a
bound-state particle must decay to zero as a result of spatial local-
ization and probability normalization; etc. In two dimensions, the
situation is slightly di erent: the solution admits at most logarith-
mic growth at in nity, and vanishes in the far eld only when the
constant (representing the net ux through the arti cial boundary
introduced below) is zero. Far- eld conditions are essential for char-
acterizing isolated systems, as they de ne how a system's in uence
asymptotically vanishes or stabilizes at in nite distance.

3.2 Artificial Boundary

Since tessellating the entire space is computationally infeasible, we
handle unbounded domains using truncation and arti cial bound-
ary conditions. Geometrically, this means that we introduce a nite
computational domain , which truncates the entire space for com-
putational convenience. Its boundam can be understood as an
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Algorithm 1: Open-boundary Poisson solver

Input: Generalized Poisson equation on an unbounded domain;
Grid domain with its boundary faces centered at fag.
Output: Unbounded-domain solution D1x°, evaluated within .

1 forall 8 do D'®1xg® O; /I Zeroing Dirichlet data
0
3 repeat
/I Interior finite-di erence solve
4 Call the bounded-domain Poisson solver to computé Don
using Dirichlet data prescribed on m as conditions; + Y4
Calculate miy *m=on m through nite di erences;
/] Exterior boundary-element solve
6 forall 8 do Evaluate B»D° ¥1° via Eq. (15); «¥5.2
7 forall 8 do A" 1xg® B»D “° ¥41x° D *° 1xg°;
8 | “° CalcRelaxationFactor(:eA e A" 17 e] %1% ). 4 V6.2
9 forall8 doD"1" 1xg® D "°1ixg0,| “° A 1xg®;
0 PR .
w until | gtA™" 1xg002 ¥ [ ! gtA 0% 1xg002: e V7.1
2D D%,
13 Function CalcRelaxationFactorl:e A ° e A" 1% «] %1% o:
14 if : =0then
15 | return »2
16 else

17 forall 8 do XA1>Q A "% 1xg0 AN 1% 1yg0:

18 return | %10 0 gATLY 1xg0 XALg0e o XA1xgl;

L

interface, or arti cial boundary, that partitions the domain into two
regions: the bounded interior domain (denoted by the superscript
) and the unbounded exterior domain (denoted by ).

The Interior Problem. Within the computational domaim 5,
the solutionD satis es the original generalized Poisson equation
(Eq. (1a)) subject to boundary conditions de ned on the cavities
(Eq. (1b)). The PDE coe cients and source terms are typically de-
ned either analytically over a nite volume, or through discrete
representations, such as piecewise-linear or piecewise-constant
functions on structured grids. Both sources and heterogeneous co-
e cients are typically con ned to a nite region, and we assume
here that they are encompassed within the computational domain .

The Exterior Problem. We assume that the arti cial boundary is
reasonably large enough to enclose all geometrical features (such
as cavities) and physical heterogeneities (e.g., regions where the
di usion coe cients are spatially varying or where reaction and
source terms are non-zero). By con ning all such complexities to
the interior, the exterior solutiorD x° (for x2R®n ) can now be
assumed to satisfy a Laplace equation of the type

r’Dix°=0+ x2Rn 2)
subject to the far- eld condition Eqg. (1c). According to Green's
identities,D is uniquely determined by the boundary data such as
Dirichlet and/or Neumann conditions on the arti cial interfacem .

Once the complete boundary data is obtained through the boundary
integral equationD can be evaluated anywhere in the exterior



domain, while the free-space Green's function naturally ensures
that the solution satis es the far- eld condition.

Coupling Conditions. Although the domain is partitioned into
two parts, the interior D ) and exterior P ) solutions are obviously
not independent. Because the interfage is virtual and purely for
computational purposes, we must enforce continuity of the solution
and its gradient across this boundary, yielding

D =D X2me (3a)
mb _ mb, x2m” (3b)
m= m=

Note that these natural conditions are also present in the approach
of Johnson and Nédélec [1980] for coupling FEM with BEM.

3.3 Alternating Solves

Solving the coupled system (Ed4d.a)to (3b) can be achieved by
tessellating with a nite mesh and discretizing using Galerkin
methods both the Poisson equation on the volumetric mesh and the
BIE on the surface mesh, while enforcing the continuity conditions
via Lagrange multipliers. This yields a large monolithic system
coupling the interior potential and the boundary ux [Johnson and
Nédélec 1980], whose direct factorization is often intractable as its
hybrid structure (mixing sparse and dense blocks) precludes the use
of direct solvers and of high-performance iterative solvers optimized
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for general cases. As our results will demonstrate, this iterative
approach proves highly e ective (see Figs. 17 and 18).

In the remainder of this paper, we explain the details of the in-
terior (Sec. 4) and exterior solves (Sec. 5), analyze and validate the
convergence of our iterative algorithm (Sec. 6), and demonstrate its
wide applicability to graphics applications (Sec. 7).

4 Interior Solves

In this section, we now describe how we solve the interior Poisson
problem de ned by Egs. (1a), (1b) and (3a). As an illustrative numer-
ical scheme that can be typically used to solve the interior problem,
assume that we discretize the interior domainusing a Marker-
and-Cell (MAC) grid [Harlow and Welch 1965], where each grid
cell is a3-dimensional hypercube of edge lengtB . This staggered
discretization o ers high numerical accuracy

and is well-suited for the generalized Poissgn 0858:2'2 o
equation Eq. (1a). As illustrated in the inset, t¢) & @2., OF
scalar unknowrD, the reaction coe cient2, andS’ S
the source functions are sampled at cell cen- | %5212

ters, while the di usion coe cient 0 is sampled on face centers.
Accordingly, Eq. (1a) is discretized as:

Og}%.gl%,l-Q, 0 8 %.gDE 19,0 g.gé [%-9’1, 0 8¢9 % Dseo 1
2 _ 2
08)%-9=08 %.9,03.9’% ,og-g% 2 8.9G“ Dgeg= 3.9G 7,

4

speci cally for either sparse FE/FD/FV systems or dense BE systemswhere integer indices (e.gl8+ 9°denote cell centers while half-

To address this challenge, we adopt an iterative domain coupling
strategy inspired by [Kamiya et alL996; Elleithy and Tanaka 2003]
that decomposes the monolithic problem into alternating volumetric
and BEM solves. Speci cally, we solve a Dirichlet problem on the
interior and a Neumann problem on the exterior, a pairing that
avoids the ill-posedness that can arise in the work of Elleithy and
Tanaka [2003] when, for instance, coupling is enforced over the
entire subdomain interface. Our approach is summarized in Alg. 1
and proceeds as follows: we solve the interior problem (Egs. (1a),
(1b) and (3a)) based on Dirichlet boundary conditions de ned by
the current boundary valuB , and compute the resulting boundary

ux mDems this ux is then used to solve the exterior problem
(Egs. (2) and (3b)) through a boundary integral equation, whose
solution yields updated boundary vali2 to be used as Dirichlet
boundary data in the next iteration. We note that the interior solver
actually builds a DtN map while the exterior builds a NtD map.
While reversing the two is technically possible, it can leave the
interior problem de ned only up to an additive constant in the
absence of any cavity or associated Dirichlet conditions, thereby
requiring additional constraints and likely hindering performance.

Afurther distinction from prior coupling works is that our method
solves the BIE for the exterior problem (which recovers boundary
values from normal derivatives) only inexactly via a damped xed-
point iteration (Line 9, Alg. 1). Solving this step to high accuracy
would be computationally expensive compared to the sparse inte-
rior system; yet, this is totally unnecessary for the convergence of
the overall interior-exterior alternation. We support this strategy
with a theoretical convergence analysis on canonical geometries (ac-
counting for both arti cial and cavity boundaries) and experiments
(see Table 1), before further deriving an adaptive relaxation scheme

integer indices (e.g18 12+ 9} refer to the corresponding face
centers, following standard conventions. The 3D discretization fol-
lows analogously. Eq. (4) assumes that all cells adjacent to 18+ 9° lie
within the computational domain. However, if a neighboring cell

1. ¢ falls outside the domain (e.g., in the cavity or the exterior
domain), its corresponding unknowidsn 9 must be eliminated using

the prescribed boundary conditions. For instance, if the boundary
coincides exactly with the face between 18« 9° ahd$e8 consider-

ing the boundary conditiont1 V°D , VimDem=° =évaluated at

the face center,f1g in Eq. (4) is replaced according to the rule:

2V 11 V° G 26 G

2V 11 V° G "o 2V,11 V° G’
For more complex geometries, we adopt a cut-cell approach [Guen-
delman et al2005; Ng et aR009; Batty et aR007] to impose the
boundary conditions on cavity boundaries not aligned with grid
faces, as in, for example, Fig. 11.

Dpg!

®)

Linear Case. For now, assume that b6tand2 depend solely on
position for simplicity. The interior problem is then assembled into a
sparse symmetric linear system by applying E4)across all interior
cells, incorporating boundary modi cations via E¢G) where neces-
sary. When the reaction coe cients satisf§.g 0, the system matrix
isan" -matrix and is thus positive de nite. The resulting linear
system enables the use of highly e cient iterative solvers, such as
the preconditioned conjugate gradient (PCG) method with algebraic
multigrid (AMG) preconditioning [Xu and Zikatanov 2017], as we
will use in our examples. In cases where positive de niteness is
not guaranteed, PCG can be replaced by general Krylov subspace
methods such as BICGSTAB or GMRES.

ACM Trans. Graph., Vol. 45, No. 6, Article 180. Publication date: December 2026.
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Handling Nonlinear Problems. If the coe cierfisand2 depend
on the solution or its gradient, then Eq. (1a) becomes nonlinear. In
this case, the interior solution is typically solved with the Newton
Raphson method. We de ne the state vecto2®* containing the
cell-centered unknowns with being the number of cells. Similarly,
of 2 R* represent the cell-centered reaction and source terms,
while a2 R" contains the di usion coe cients de ned on the"
faces. With @R #  denoting the discrete gradient operator, the
following vector is assembled as:

Flu°:= G ~ diag'alu® Gu , diagtctu®®u f” (6)
At the : -th Newton iteration to solve Fu® =0, we update t° to
u*1 by solving the following linear system:
u o= Fry o, @
where Ju® = nirmu denotes the Jacobian of F. As described pre-
viously, variables from the exterior domain can be eliminated via

boundary conditions similar to the linear case. Note that the action
of the Jacobian on an arbitrary vector Xu is given by:

JieXu =FXuw G diaglGu°maXu , diagtu® mcXu. (8)
mu mu

Jigitorytte

1

Starting from u°°=0, we proceed with the Newton iterations and
line search until convergence, i.e., unkiFtu™° °kekFtu'k is less
than a given accuracy threshold, to obtain the solution vector u.

5 BEM Exterior Solves

In this section, we describe how to solve the exterior Laplace equa-
tion Eq. (2) subject to the Neumann boundary condition from Eq. (3b)
imposed on the computational domain boundary. Leveraging the
boundary element method for this case reduces the problem to nd-
ing the unknown function values on the boundary based on the
known normal derivatives provided by the interior solver. The solu-
tion in the exterior domain is then fully determined via the boundary
integral, which naturally satis es the far- eld condition (1c).

5.1 Representation and BIE

Since the exterior solution is assumed to be harmonic, Green's third
identity applies under a standard far- eld condition (see App. B for
proof). This yields a particular representation, with the convention
that the unit nortr1nal vecitor n points outward from , that reads:

9)

where [m is the closure of the domain, and the operatdfs
andK denote the single- and double-layer potentials, respectively.
These functionals act on a density by integrating it against Green's
function or its normal derivative along the boundary , i.e.,
V»(; Yalx0 = qleJ 1y O x0 d(O’
1

. - m ..o 0
K»q; ¥ix° = quOD lex » x© d(%

m _
D1x° =V ——im X K»D;m ¥ix°s x2Rn"

(10

(11)

where 1x %x°is the fundamental solution of the Laplace operator
satisfyingr 2 1x %x° =X1® x° (see YA.1). Note that due to the
jump properties of the double-layer potential, we haize 0 for
x2 [Costabel 1987]; this implies that the exterior representation
vanishes inside the domain, ensuring it does not interfere with the
interior solution.
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Assume that the normal derivatives on the boundamD +mg;j,
are already known from the interior solver as we will detail in the
next section. To fully reconstruct the solution, we must determine
the unknown boundary valueBj, . As the evaluation poink ap-
proaches the boundary, the ux and potential values are known to
be constrained by the following iﬂtegral (Iaquation:

1 mD
§D1x° , K»D; m Y41x° :VH_;m X0, x2mse (12)

where the coe cient 1+ 2 is valid provided the boundary is Lipschitz

continuous. Because the normal derivative of Green's function con-

stitutes a strongly singular kernel, its boundary integral must be
interpreted in the Cauchy principal value sense [Kanwal 2013].

5.2 Fast Updates Through Fixed-Point Iteration

Next, we explain how to discretize and solve Eq. (12) for fast updates
of boundary values.

Discretization. Since the interior solver employs a MAC grid, the
arti cial boundary m is naturally discretized by the outermost
layer of faces of the computational grid. We discretize the boundary
integral equation Eq. (12) using a piecewise constant collocation
method, similar to the work of Chen et 8]2025]. With this approx-
imation, we assume botB and mDemeonstant over each boundary
facet gand their values are sampled at face centers. For each target
facet indexBcentered aksg, the discrete boundary integral equation
is thus enforced as: ~
1 1y 0 o 1y O- 1 O
ED X, 9K»D XP; o/alyP 0
A challenge arises because the MAC grid stores potential values at
cell centers, whereas the boundary integral method requires values
on the boundary faces. To bridge this gap, we introduce an additional
set of degrees of freedom (DoFs) fdexactly on the boundary.

v %EXQO; o X (13)

As illustrated in the insetfDg.g de-

notes the original cell-centered un-

knowns of the (interior) Poisson ) © ® ® Q
solver, andfDY.g denotes the new g.g
DoFs for the BIE solver, stored atfacé® @ (@) (@) Da.g
centers. Once these values are uio_ O

dated, the normal derivative on a boundary face can then be ap-
proximated using a one-sided nite di erence between the face and
the neighboring cell center, yieldingllzg,9 Dg.8* G . Note that a
corner cell is adjacent to multiple boundary facets.

E cient Updates of DP. To simplify the notation hereafter, we
drop the prime superscript® previously introduced to distinguish
the boundary DoFs from the interior ones. Eq. (13) is an asymmet-
ric and dense linear system, for which direct solvers (such as LU
decomposition) become computationally prohibitive as the number
of boundary DoFs grows. Even with e cient iterative solvers such
as preconditioned GMRES [Chen et 2025] or Neumann series
expansion [Ni et al2024], the computational cost remains higher
than that of the interior, sparse Poisson solver: this is primarily due
to repeated dense matrix-vector products, which are time consum-
ing even when optimized with hierarchical summation techniques.
Crucially, however, solving this system to high accuracy is not nec-
essary for global convergence akin to inexact Newton methods.
Therefore, we opt for a cost-e ective adapted xed-point iteration,



(a) Ground truth; (b) Dirichlet BC; (c) Ours.

Fig. 3. One-step convergence. For a uniform circular (2D) or spherical
(3D) source centered at the origin with radius® we solve a classical Poisson
problem without cavities on the domain 1¢1%3 using a 258 grid. For this
class of problems, our method converges in a single iteration and, compared
with homogeneous Dirichlet boundary conditions, reduces the solution error
by three to four orders of magnitude: in 2D, the? error decreases from
2723 102 t0 3776 108, and the! ! error from 708 10! to 1"19 10%;in

3D, the! 2 error decreases from"14 102 to 576 10°, and the! 1 error
from 715 102 to 1"52 105 . The figure visualizes the solutions in the 2D
case through false colors.

which strikes a good balance between BEM computational costs

E icient Open-Boundary Poisson Solves =~ 180:7

to be linear. LeD denote the exact solution of the original problem
(Egs. (1a) to (1c)) on the arti cial interfaaa . For the: ! iteration,
we de ne the error asy"* =D"° D . SinceDis a xed point of B
(see Eq. (14)) and by linearity, we have

B»D° ¥4 =B»DY , B5Ws =D , B»Y . 17)

Neglecting numerical discretization errors and substituting this
identity into the update rule (Eq. (16)), we obtain an equation for
the evolution of the error as:

N ZEa S T A

"B »Y° Y, (18)

wherel is the identity operator. Consequently, the convergence of
the iteration depends on the spectrum of the operator B.

For the classical Poisson equation with no cavities, the third Green's
identity in  yields the following principal value formulation for
the boundary solution:

Dix° = B»DV41x°,2 5L ix %xod+% x2me (19)

where the negative sign precedir arises because of our choice of

and convergence speed. The method proceeds as follows: during gytwards normal vectors om , opposite in the interior formulation

the: ! interior-exterior alternation, we move the double-layer term
to the right-hand side of Eq. (13) and update D via a single step:

D"1° 1xP = B»D*° 141, (14)
where B is the boundary operator de ned as
hmq i
B»q¥ix° =2V — m K»q,m ¥4 1x°
o) i (15)

h i
2 \ 101x8°; g K»qix &°; g¥/atxCe
8 m=
for all boundary pointx 2m . To control global convergence, we in-
troduce a relaxation factor, a standard technique in iterative schemes;
that is, we determine the nal update rule for the exterior solve by
interpolating between the current iterat®”° and the intermediate
update from Eq. (14), i.e.,

D" i =11 | "Pop*ixP | " B»D°valy,  (16)

wherel *° | 0 denotes the relaxation factor chosen at theh
iteration Sec. 6.2 provides an adaptive strategy for choosing it.
This updated value serves as the boundary constraint for the subse-
quent interior solve, which is assembled from Eq. (5). The process
then repeats until the di erence betweeB»D"° YandD"° drops
below a prescribed tolerance, signaling that the interior and exterior
solutions are now compatible and the iterations have converged to
the correct solution.

1-0

6 Convergence Analysis and Adaptive Relaxation

While conceptually simple, our interior-exterior alternating ap-
proach is robust and e cient in practice as we nhow demonstrate.
In particular, we prove convergence in one single step for a special

compared to the exterior formulation used in Eq. (12). SiBté is
also a solution to the interior Poisson problem (solved with high
precision), it must satisfy this interior Green's identity. Subtracting
Eq. (19) for the exact solutidd from the corresponding equation
for the iterate B° yields:

Y = BoY 'y, (20)

which implies that 1 is an eigenvalue dB. Substituting this result
into Eq. (18) leads to

Yyl =11 2] WPoy, (21)
As a consequence, if we chodsé®”=1¢2, the error for this simple
Poisson equation vanishes after a single iteration (see Fig. 3), regard-
less of the initial gues®'®”. In App. C, we present spectral analyses
of the operatorB for several non-classical problems de ned on
canonical geometries. These results provide deeper insights into
the convergence behavior of the proposed iterative method within
more general settings.

Discussion. It is important to note that the boundary operator
B relies on the boundary normal derivative, which is intrinsically
linked to the interior solution. Formally, this relationship is:

B»q¥% =21V T K°»q;m Ya. (22)

whereT maps prescribed Dirichlet values on to their correspond-
ing Neumann values (normal derivatives), subject to the interior
governing equations. In our implementatioit, is realized via the
MAC-grid Poisson solver. For general cases such as linear problems
with non-canonical cavities or even nonlinear Poisson equations,
analyzing the spectrum oB becomes signi cantly more complex.
Nevertheless, from a qualitative perspective, these generalized prob-

case in Sec. 6.1, and discuss the behavior of the dynamic relaxation |lems can be viewed as perturbations of the classical Poisson BVP. For

scheme for general cases in Sec. 6.2.

6.1 One-Step Convergence for Poisson BVP and Beyond

We analyze the convergence behavior of our iterative solver from a
boundary perspective. For now, we assume the interior PDE problem

most reasonable cases, we therefore expect the spectral properties
of B, and consequently the convergence behavior of our approach,
to remain comparable to the classical case. This observation enables
us to expect convergence through the use of an adaptive relaxation
strategy, as detailed below.
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(a) Ground truth; (b) Dirichlet BC; (c) Neumann BC; (d) Ours.

Fig. 4. Large cavities. For this exterior Dirichlet problem of the Laplace
equation in 2D, a square of side lengtfi®within a computational domain

» 1+1%4is given Dirichlet conditions on its boundary d3=1G ~°«1G ~ 2°,
which is therefore itself the analytical expression of its solution owing to
its zero Laplacian. Even in this extreme se ing where the computational
domain is quite degenerate, our method for a Z5grid converges a er four
boundary-condition updates. In contrast, both homogeneous Dirichlet and
Neumann ABCs lead to errors that are 4@ 10* times larger. Here, (a)
visualizes the solution, while (b) (d) show the absolute error.

6.2 Adaptive Relaxation

Xingyu Ni, Jiong Chen, Siyuan Chen, Caoliwen Wang, Mathieu Desbrun, and Taku Komura

Eq.(27) we can derive an update formula for the next relaxation
factor in a least-squares sense through
| 1 =zargmin A° U AT A
U2R
Ao AL
AL A
where the inner product of residual functic?ns is evaluated via a sum-
mation over the boundary faces, i.bgeki  gqixgkixg1 G 1,
In light of the convergence analysis in Sec. 6.1, we keép = 12
as a reasonable initial guess. Finally, we note that the resulting accel-
eration strategy is equivalent to the vector-form Aitken accelerator
for xed-pointiteration from Irons and Tuck [1969], as reformulated
more recently by Birken et al. [2015].

1-0 -0

2I L

Al:o

1-0
| .

1:0 2 ! (28)

7 Results

In this section, we discuss implementation details, before demon-
strating the broad applicability of our solver to computer graphics

As explained in Sec. 6.1 and App. C, in most practical cases of linear tasks, and providing further evaluations of our method.

problems, the eigenvalues of the operatddscluster around 1.
However, this behavior may change drastically in more challenging

7.1 Implementation Details

scenarios. For instance, when a cavity becomes so large that it Qur numerical approach to open boundaries was implemented in

comes very close to the boundary of the computational domain
(thus making the e ective computational domain . very small),
the spectrum oB can shift signi cantly. In such cases, the xed
relaxationl “° = 12 is no longer optimal and may even lead to
divergence of the iterative method. To address this, we employ an
adaptive, dynamic update of the relaxation factor based on Aitken's
delta-squared process [Aitken 1927].
Consider the iteration operator from step denoted ag. “° =
111 *°0] | *° B, which acts on functions de ned om . The
error evolution from Eq. (18) can be rewritten as
D" D=L " »0° DY%. (23)
If we tentatively perform one additional iteration while keeping the
relaxation factor unchanged, we obtain
B2 D=L "*»0-° Dv. (24)
Assuming that the error ternD*° D is an eigenfunction of the
current operatorL *° (an assumption that becomes progressively
more accurate as the iterations near convergence), it follows that for
each point on the boundary, the update Dfx°at step:, 1 satis es
10 o 20
D i 'x® Dx° _ B.) 1x° D1x° 25)
D4° 1x0 D1xo° D%.1° 1x0 D1xo
From this equation, we solve fdx°from D*°,D":1° , andB"?°
and use the result as the newB’ to improve onB*-?° | i.e.,

, XxX2m”

oo o 1p.2° p tl°o1ptl® p o
D"?° =p*t , : _ —.  (26)
1Bp4.2° pul°o 1ptl°e pteo
Noting thatL *° 1=l “° 1B [° and de ning the residual to be

expressed as’A =B»D*° ¥ D°°, Eq. (26) can be rewritten as
|5
Al:}lo A 1:0
which e ectively corresponds to a di erent relaxation factor than
the original xed| *°.
In general, the assumption thad“® D is an eigenfunction
does not strictly hold. Nevertheless, motivated by the expression of

D2 =p™1° , (27)
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C++, and all our reported timings were obtained on a desktop
equipped with an IntéP Core—i9-14900K processor (3.2 GHz) and
64 GB of RAM. Our implementation follows the overall algorithmic
procedure summarized in Alg. 1, with just a few key implementa-
tion details that we elaborate upon next. The code is available at
https://gitlab.inria.fr/[geomerix/public/OpenPoisson.

The Interior Solver. At each iteration, the interior Poisson problem
is solved using AMG-preconditioned Krylov subspace solvers from
AMG(JDemidov 2019] andEigen [Guennebaud et ak010], with
conjugate gradient for symmetric positive-de nite systems and GM-
RES for non-symmetric or inde nite cases. Our framework is largely
agnostic to the choice of linear solver or spatial discretization (FEM,
FDM, or FVM), enabling easy substitution of alternative schemes to
suit speci ¢ applications or requirements.

The Exterior Solver. Evaluating single-layér) (and double-layer
(K) potentials for boundary updates involves integrating Green's
functions and their normal derivatives over constant elements (line
segments in 2D, square facets in 3D). Although closed-form expres-
sions exist (and given in App. A.2), direct summation is computa-
tionally prohibitive in 3D due to quadratic scaling. We therefore
accelerate computations using the fast multipole method (FMM)
implemented in theFMM3library [Askham et al 2024], approximat-
ing single- and double-layer potentials with monopole and dipole
sources, respectively. Accuracy is maintained via 4 Gauss Legendre
quadrature points per face, and singular self-contributions are cor-
rected by replacing the quadrature term with its analytical value.

Convergence Criterion. As discussed in Sec. 6.1, convergence of
the algorithm is reached when the xed-point condition (that is,
D"° 1x° B»D"°¥%xpis ful lled for all x 2 m , meaning that the
norm of the residualA*° must be su ciently small throughout the
boundary of the computational domain. In practice, the magnitude
of the solutionD *x°depends strongly on the speci ¢ problem setup,
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