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Fig. 1. Mixture jet. Our novel simulation technique for fluid flows interacting with granular materials couples a Lattice Boltzmann Method (LBM) two-phase

solver with a Material Point Method (MPM) solver for sand to produce visually rich air-water-sand mixing phenomena. Here, a water jet entraining sediments

gushes from a rectangular outlet as a yellow-tinted mixture, producing air entrainment, splashing, sand displacement, and abundant bubbles as the ratio of

sand to water in the jet increases. When the jet flow ceases, sand has settled in heaps predominantly near the impact area of the jet as expected.

Simulating the dynamic, multiscale interactions between granular materials
and multiphase fluids remains a significant computational challenge in
computer graphics, as the visual complexity of such mixtures arises from
strongly coupled small-scale structures. We present a novel, physically-based
simulation framework for sand-water-air mixtures that couples a Lattice
Boltzmann Method (LBM) for weakly-compressible two-phase fluids with a
Material Point Method (MPM) for granular sand. Our approach is built upon
a unified continuum formulation that expresses the governing equations for
both fluid phases (air andwater) and the granularmediumwithin a consistent
framework. To accurately capture the transition of sand from a dry, friction-
dominated state to a soaked, sticky medium, we introduce a water retention
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model that describes how liquid infiltrates and is retained within the granular
structure. Furthermore, we enforce volume conservation of the fluids within
the mixture, ensuring numerical stability and physical realism. Our robust
coupling mechanism enables the simulation of complex phenomena such
as sand mobilization, transport, settling, and erosion across a wide range
of density ratios. We demonstrate the efficiency of our method through
several challenging scenarios, including the breaching of sand-walled basins,
sediment-laden flows, and the erosive collapse of sand structures.
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1 Introduction

The dynamic interaction between granular materials (such as sand)
and fluids (such as water and air) typically gives rise to visually
striking and detail-rich phenomena: when these two phases come
into contact in natural environments, the resulting mixture displays
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Fig. 2. Wind-driven water-sand interaction. A floating sand island (density 𝜚 = 600 kgm−3) is subjected to a strong vertical airflow, kicking up spray and

sand. Our coupled air-water–sand solver faithfully captures the complex coupling effects of this example, with progressive wetting producing clear wet/dry

contrast and ultimately breaking the logo apart into discrete fragments that disperse across the container and drift on the water surface.

highly complex motion patterns characterized by small-scale struc-
tures and strongly coupled behaviors. The granular phase introduces
additional vortical features into the surrounding fluid, while the
interstitial fluid significantly alters the mechanical response of the
sand, transitioning it from a dry, friction-dominated granular state
to a soaked, sticky medium. These transformations can occur rapidly
and nonlinearly, making the numerical simulation of sand–water
mixtures a significant computational challenge: accurately simulat-
ing mixtures requires resolving not only the intrinsic nonlinearity
of fluid motion but also the bidirectional coupling between the fluid
and the deformable, porous granular material. This coupling spans
multiple spatial and temporal scales: grains interact through contact
forces, friction, and collisions, while simultaneously exchanging
momentum and mass with the surrounding liquid as it fills the small
interstices of the granular medium. Capturing these multiscale be-
haviors places significant demands on numerical methods, which
must balance physical fidelity, stability, and computational efficiency.
Simulating sand–fluid mixtures is not only important across geo-
physics, but is also key to producing complex and realistic natural
phenomena with high visual impact.

Overview. In this work, we develop a physically-based simulation for
two-phase fluid flows interacting with granular sand, which couples
a Lattice Boltzmann Method for weakly compressible fluids with
the Material Point Method for sand to properly capture coupled
transport, phase evolution, and water uptake in sand-like media.
Our approach is based on a unified formulation of mixtures that
expresses the governing equations for both fluid phases and the
granular medium within a consistent continuum framework. From
this formulation, we derive a fluid equation coupled to a phase-field
representation to evolve the two-phase flow, which we efficiently
simulate with a LBM-based kinetic solver. The sand, instead, is mod-
eled using a Material Point Method based formulation. We then
express explicit fluid–sand coupling terms that govern momentum
exchange, drag, and pressure interactions, enabling the simulation
of behaviors such as sand mobilization, transport, settling, and sus-
pension, across a wide range of density ratios. We further introduce
a water absorption model for sand, describing how liquid infiltrates
and is retained within the granular medium, along with a coupling
strategy between phase field and sand that enforces fluid volume
preservation to ensure that the air/liquid interface motion and the
sand’s water content remain consistent at the discrete level. These

different contributions conspire to form a robust approach for com-
plex phenomena of water-sand mixtures, as we will demonstrate in
a number of simple and complex examples.

2 Background and Related Work

We begin with a review of relevant prior work, covering multi-
phase flow solvers, sand simulation techniques, and approaches for
coupling granular materials with fluids to model their mixtures.

2.1 Multiphase flow solvers

Navier-Stokes basedmethods. Approaches to flow simulation based
on Navier-Stokes (NS) equations can be roughly categorized into
particle-based, grid-based, and hybrid methods. These techniques
apply macroscopic discretizations of the flow field, but differ in
whether they model only the liquid phase or explicitly capture both
liquid and surrounding air. Given that we wish to handle mixtures
where typically, air, liquid, and sand interact, we focus here on
methods designed for multiphase flow simulation.
Multiphase flow solvers are typically based on particle- or grid-

based formulations. Particle methods include Smoothed Particle
Hydrodynamics (SPH) multiphase schemes [Solenthaler and Pa-
jarola 2008; Ren et al. 2014; Yang et al. 2015; Yan et al. 2016; Yang
et al. 2017], which can only handle relatively viscous liquids. Power
particles [de Goes et al. 2015; Qu et al. 2022] were introduced to bet-
ter preserve volume and momentum near interfaces and to improve
surface-tension modeling, while their coupling with MPM enabled
bubble and foam simulations [Qu et al. 2023] as well, but again
only at low Reynolds numbers. The peridynamic framework of Yan
and Ren [2023], while robustly handling high density ratio multi-
fluids, suffers from the same restriction. The Moving-Least-Squares
Reproducing-Kernel (MLSRK) approach of Chen et al. [2020] aims to
unify fluids and solids, but requires prohibitively small timesteps in
practice. Finally, Li et al. [2024a] recently proposed a Voronoi-based
Lagrangian covector approach using path integrals to robustly sim-
ulate turbulent free-surface flows without fixed background grids.
Grid-based approaches offer complementary capabilities. Exten-

sions of level-set [Kim 2010] and Volume-of-Fluid (VOF) strate-
gies [Cho and Ko 2013; Langlois et al. 2016] explicitly account
for density and pressure jumps, and most solvers [Losasso et al.
2006; Mihalef et al. 2006; Kim et al. 2007; Boyd and Bridson 2012]
combine a variable-density projection [Kang et al. 2000] with the
ghost-fluid method [Hong and Kim 2005]. A multi-VOF technique
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Fig. 3. Dam break over a sand castle. As the water reaches the castle, the incoming flow exerts strong shear and impact forces on the sand structure,

causing grains to detach and be rapidly transported downstream. Continuous loading and infiltration weaken the structure, leading to turret failure and

extensive wetting at first, before the central keep ultimately collapses.

tailored to bubble and foam dynamics [Karnakov et al. 2022] fur-
ther improved interface handling but at high computational cost.
Material-Point-Method (MPM) based models for viscoelastic fluids
with phase change [Su et al. 2021; Tu et al. 2024] and Lagrangian
mesh-based solvers [Misztal et al. 2013] were also proposed, but
they remain limited to low Reynolds numbers. Goldade et al. [2020]
presented a constraint-based reduced model that simplifies the inter-
nal computation of zero-density bubbles via Lagrange multipliers,
achieving efficient and volume-conserving free-surface bubble sim-
ulations. Although recent Eulerian–Lagrangian approaches [Deng
et al. 2022; Wang et al. 2024b] successfully capture bubble behavior,
they do not demonstrate turbulent regimes either. Likewise, hybrid
solvers coupling velocity, pressure, and interface position [Ando
et al. 2015; Saye 2016, 2017; Sun et al. 2024] have so far shown limited
effectiveness in simulating strongly turbulent free-surface scenarios.
Recently, Braun et al. [2025] presented an adaptive phase-field–FLIP
framework enabling robust and efficient large-scale two-phase fluid
simulations, while Chen et al. [2025a] extended flow maps to com-
pressible regimes using Lagrangian path integrals, preserving vorti-
cal structures in shallow water simulations or high-Mach shocks.

Kinetic solvers. Originally developed in Computational Fluid Dy-
namics, the lattice Boltzmann method has recently gained promi-
nence in computer graphics due to its massively parallel nature and
support for turbulent flow phenomena. Free-surface LBM (FSLBM)
has seen rapid development in bubble simulation, starting from
the early contributions of [Körner et al. 2005; Thürey et al. 2007]
and evolving through a series of improvements [Anderl et al. 2014;
Bogner 2017] that allow bubble breakup and coalescence. Building
on this progress, [Wang et al. 2025] introduced an advanced FSLBM
formulation that unifies the treatment of bubbles and foam, while
greatly improving efficiency and memory use over existing kinetic
multiphase solvers. Concurrently, diffuse-interface kinetic multi-
phase LBM methods [Guo et al. 2017; Li et al. 2021b, 2022; Li and
Desbrun 2023; Li et al. 2024b; Ma et al. 2024; Ding and Liu 2025; Xiao
et al. 2025] have emerged as a powerful alternative paradigm: by
considering a fixed-profile phase field spreading interfacial forces
across multiple grid cells, they offer substantially improved numeri-
cal stability compared to traditional sharp-interface techniques.

2.2 Granular medium simulation

Granular materials such as sand can bemodeled by resolving individ-
ual grains with the Discrete Element Method (DEM), in which par-
ticles are typically represented as soft spheres interacting through

penalty-based contact laws based on relative displacements [Cundall
and Strack 1979; Kruggel-Emden et al. 2007]. In computer graphics,
Bell et al. [2005] employed a Hertzian normal response combined
with tangential Coulomb friction, capturing strong granular tex-
ture and high-frequency behaviors, at the expense of more involved
contact modeling when scaling to large scenes.

To address scalability limitations, several continuum-based ap-
proaches have been proposed. Zhu and Bridson [2005], for instance,
adapted the PIC/FLIP framework to sand by decomposing particle
motion into rigid transport and incompressible shear governed by
a yield surface. Building on this idea, Klár et al. [2016] incorpo-
rated a Drucker–Prager elastoplastic model into MPM, where yield-
surface projection mitigates relative sliding but still falls short of
reproducing full grain interlocking within the friction cone. Narain
et al. [2010] presented a continuum-based model that enables ef-
ficient simulation of granular materials and two-way interaction
with solid bodies. A hybrid strategy was later introduced by Yue
et al. [2018] using DEM near boundaries and MPM in the interior,
with a reconciliation zone to ensure coherent motion and enable
interlocking near phase interfaces, thus capturing size-dependent
clogging phenomena. Most recently, Chen et al. [2025b] proposed
a numerical homogenization method for extracting macroscopic
material parameters from grain-level simulations, so as to allow
efficient large-scale modeling of granular media within an enhanced
Material Point Method.

2.3 Sand–water coupling

Most relevant to our work are the approaches designed to couple
granular media with fluids, which we review now based on the type
of overall solver they leverage.

Navier-Stokes-based methods. NS–based approaches treat sand
and water mixtures by coupling continuum models for each phase.
Power Plastics [Qu et al. 2023] represent water as a weakly com-
pressible fluid [Xie et al. 2023] and sand via a Herschel–Bulkley
model [Yue et al. 2015], enforcing bidirectional coupling on a shared
MPM grid. Because both phases evolve on a single grid with a
common velocity field, the mixture responds to a superposition of
phase-specific forces rather than a physically consistent mixture
law. To address this limitation, Tampubolon et al. [2017] and Gao
et al. [2018] propose to solve sand and water on separate grids,
exchanging mass and momentum while enforcing mixture-level in-
compressibility. Recently, Böttcher et al. [2025] used SPH to simulate
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Fig. 4. Water-sand flow through a colander. Given the high water content, the sand stays fluidized rather than forming cohesive clumps, so the mixture

passes through the colander and exits as multiple yellow-tinted jets of mixture. After impact, water spreads to fill the shallow pool while sand is carried by the

water flow and gradually settles to the bed, forming scattered sediment deposits and sand heaps of various dimensions.

the coupling of porous flowwith sand particles while Li et al. [2025b]
employed a particle-based method to handle poro-elasto-capillary
effects between soft porous materials and multiphase fluids.

Discrete Element Method. Sand can also be modeled using DEM
and water with SPH: DEM grains absorb nearby SPH particles to
trackmoisture content and experience hydrodynamic forces [Rungji-
ratananon et al. 2008]. Wang et al. [2021] extended this strategy
with seepage, a saturation-dependent capillary law, as well as addi-
tional buoyancy, drag, and momentum-exchange terms. However,
moisture estimation becomes unreliable inside dense SPH “spherical
clumps”, and the Rayleigh-limited timestep imposed by DEM (which
is typically much smaller than the fluid’s CFL limit) results in high
computational costs. Yan et al. [2016] bypassed this issue with a
unified SPH formulation using a Drucker–Prager model in place
of DEM, later extended to support phase transitions [Yang et al.
2017; Jiang et al. 2020]. DEM explicitly resolves individual grains
without introducing continuum conservation equations, enabling
fine-scale and high-frequency granular dynamics. In CFD–DEM
coupling, however, maintaining accurate volume-fraction fields re-
mains important, especially when only a few fluid cells contain large
particles. Particle-to-grid transfer is therefore performed through
coarse graining or averaging [Xiao and Sun 2011; Zhu and Yu 2002].
DEM has been successfully coupled with conventional CFD solvers
to simulate fluid–granular interactions [Wang et al. 2024a; Ranjbari
et al. 2025]. Sun and Sakai [2015] presented a 3D framework that
couples CFD-based gas–liquid interface capture with DEM parti-
cles, and uses signed distance functions and immersed-boundary
walls for complex and moving boundaries. More recently, Li et al.
[2021a] showed advanced DEM–CFD simulations of a cross-torus
paddle mixer. However, DEM resolves particle–particle interactions
via explicit contact laws, which makes it prohibitively costly for
practical animation in collision-dominated dense flows. As reported
in [Tang et al. 2025], the computational burden remains significant
even when rotational effects are neglected to reduce costs.

Kinetic solvers. Kinetic-based CFD solvers have also been used to
simulate sand–water mixtures. The solid phase is typically described
by Lagrangian particles, which are coupled to an LBM fluid through
momentum-exchange interactions [Rettinger and Rüde 2017, 2022];

LBM–DEM coupling has been also extensively applied to model
fluid–solid interactions, commonly employing immersed-boundary
formulations [Feng et al. 2007; Wang et al. 2019] or momentum-
exchange techniques [Lominé et al. 2013]. Ding and Xu [2018] pro-
posed a multiphase fluid–solid framework incorporating a free-
surface model, while Kano et al. [2020] introduced a three-phase
LBM approach for fluid–gas–sand systems. A color-gradient-based
coupling has also been demonstrated [Jiang et al. 2022], though its
applicability is constrained by the assumption of equal phase densi-
ties. Fei et al. [2023] developed a pseudopotential LBM–DEM scheme
but reported significant spurious-velocity artifacts. More recently,
Li et al. [2025a] presented a phase-field LBM–DEM method, limited
to 2D simulations and associated with substantial computational
expense. Beyond DEM, coupling LBM with MPM has also gained
attention: Liu et al. [2020] introduced an LBM–MPM formulation
capable of handling large solid deformation and later extended it
to a phase-field LBM variant [Liu et al. 2023]. Nevertheless, these
approaches do not model complex sand behaviors, and often assume
a static solid phase without accounting for drag forces: they often
assume grain sizes spanning multiple cells both in single-phase and
two-phase simulations.

2.4 Discussion

This review of past and current methods reveals that there is still
no two-phase-flow/sand coupling framework that can claim to de-
liver both high efficiency and high physical realism. Although re-
cent work [Tang et al. 2025] resolves the longstanding volume-
conservation issue of mixture simulation, it remains unable to cap-
ture key coupled dynamics such as bubble formation, droplet splash-
ing, wetting capillary coupling, surface-tension dynamics, and their
interactions with sand grains; moreover, the implicit density projec-
tion [Kugelstadt et al. 2019] imposes an extra computational burden.
While a unified framework is appealing, we propose to couple LBM
and MPM to maximize both efficiency and fidelity. Indeed, LBM
offers exceptional GPU scalability and robustly handles complex
fluid interfaces (e.g., wetting, bubble dynamics); conversely, MPM
efficiently models the macroscopic elastoplasticity of sand. Absent
a pure LBM solution for granular dynamics, developing a scalable
LBM-MPM coupling is the most practical path forward.
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Fig. 5. Breaching of a sand bailey.When water is poured inside a bailey made of sand, the induced stress and sediment transport erode the walls, first

causing multiple fractures, then ultimately a full collapse, with water eventually spilling out.

Against this backdrop, we further point out that the particle-
discretized phase-field formulation of Braun et al. [2025] cannot
be directly extended to liquid–sand mixture simulations, primarily
because strict volume preservation in a mixture is difficult to guar-
antee. We propose instead the introduction of a source term in the
phase-field evolution equation, which, within our LBM–MPM frame-
work, will enforce volume conservation of the two-phase fluid in a
flow-sand mixture while maintaining computational efficiency. We
describe our approach to mixture simulation in detail next, before
showing a series of comparisons to previous methods, simulations,
and a real-life experiment to help evaluate its worth.

3 Modeling a Mixture

We now present the governing equations for both the fluid and
sediment phases in our fluid–sand mixture model. The density and
velocity of the fluid will be denoted as 𝜌 and u, while the equivalent
notions for the sand will be denoted 𝜚 and v, respectively.

3.1 Fluid formulation in mixture

In the simulation of air-water-sand mixtures, accurately modeling
the interaction between the fluid and each individual sand grain
poses a significant challenge: resolving these detailed and time-
dependent boundary conditions for a large number of sediment
particles would demand an impractically fine fluid discretization.
To circumvent this computational cost, we adopt a locally averaged

Navier-Stokes framework [Anderson and Jackson 1967] which treats
every point in space as a coexisting mixture of fluid phases (liquid
and air) and solid (sand). The governing equations for the fluid then
reduce to a mixture-type formulation as found in [Manninen et al.
1996; Nielsen and Østerby 2013]. The mass conservation law for the
fluid phase takes the form given in [Gao et al. 2018] as a function of
the fluid fraction 𝜖 , fluid density 𝜌 , and the fluid velocity u:

𝜕(𝜖𝜌)

𝜕𝑡
+ ∇·(𝜖𝜌u) = 0, (1)

When the mixture contains two immiscible fluid phases (air and
liquid) and sand as we are focusing on in this paper, the momentum

equation becomes [Manninen et al. 1996]:

𝜕(𝜖𝜌u)

𝜕𝑡
+∇ · (𝜖𝜌u⊗u) = −𝜖∇𝑝 +∇ · [𝜖𝜇∇symu] +𝜖F𝑠 +𝜖F𝑏 +F𝑑 , (2)

where ∇sym=∇+∇𝑇 represents the symmetrized gradient operator,
𝑝 and 𝜇 are the fluid pressure and dynamic viscosity, while F𝑑 , F𝑠

and F𝑏 are the fluid’s drag, surface tension, and body forces.

Combining the mass and momentum equations (Eqs. (1) and (2))
yields the mixture Navier-Stokes equation, reading:

𝜕u

𝜕𝑡
+ (u·∇)u = − 1

𝜌 ∇𝑝 + 1
𝜖𝜌 F𝜇 +

1
𝜌 F𝑠 +

1
𝜌 F𝑏 + 1

𝜖𝜌 F𝑑 , (3)

where F𝜇 =∇ · [𝜖𝜇 (∇symu)] represents the viscous force.
The two-phase fluid’s density and viscosity are defined implicitly

via a phase field 𝜙 (x, 𝑡) : R3×R → R that represents a fixed-profile
indicator function of the light (𝑙 , for air) vs. heavy (ℎ, for water) fluid
phases, through: {

𝜌 = 𝜌𝑙 + (𝜌ℎ − 𝜌𝑙 ) 𝜙,
𝜇 = 𝜇𝑙 + (𝜇ℎ − 𝜇𝑙 ) 𝜙.

(4)

The evolution of the phase field 𝜙 is governed by a conservative

phase-field equation [Li et al. 2022], written as

𝜕𝜙

𝜕𝑡
+ ∇ · (𝜙u) = ∇ ·

[
𝑀
(
∇𝜙 −

4

𝜉
𝜙 (1 − 𝜙)n

) ]
, (5)

where n =∇𝜙/|∇𝜙 | is the interface normal, 𝑀 is the mobility pa-
rameter controlling the ability of the interface to split, and 𝜉 is the
interface width dictating the profile thickness of the phase field.

3.2 Sand formulation in mixture

In classical approaches coupling fluid and DEM [Tang et al. 2025],
the motion of individual sediment grains is typically governed by
Newton’s laws, which ignore rotational effects. We adopt instead
a continuum approach following [Gao et al. 2018] to efficiently
simulate densely packed suspensions involving large numbers of
sand grains: we treat sand as a continuous medium governed by
balance laws for both mass and momentum, to which a drag force
density term 𝔽𝑑 is added to account for momentum exchange with
the surrounding fluid. In this model, the balance of mass for the
sediment phase is expressed as:

𝜕(𝜀𝜚 )

𝜕𝑡
+ ∇·(𝜀𝜚v) = 0, (6)

where 𝜀 is the local sediment volume fraction, 𝜚 is the sediment
density, and v is the sand velocity. As for the momentum balance
equation, it reads:

𝜕(𝜀𝜚v)

𝜕𝑡
+ ∇·(𝜀𝜚v⊗v) = 𝜀∇·𝜎 + 𝜀𝜚𝑔 + 𝔽𝑑 + 𝔽𝑏 , (7)

where 𝜎 is the Cauchy stress tensor for the sand, while𝔽𝑑 ,𝔽𝑏 are the
sand’s drag and buoyancy forces respectively. From these equations,
we derive a numerical integrator to simulate mixtures next.
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Fig. 6. Raindrops falling on sand. Raindrops with two different amounts of surface tension impact a flat sand pile, exhibiting distinct dynamic behaviors.

High surface tension (top) quickly contains the droplet which has trapped sand grains, resulting in a local disturbance of the surface. Low surface tension

(bottom) allows strong deformation and splashing that ejects sand radially. In both cases, the impact ultimately leaves a crater-like imprint on the sand.

(a) (b)

Fig. 7. Lattice structures.We use two different lattice structures to simulate

mixtures: a D3Q27 structure (a) for flow equations (where higher accuracy

is needed), and a D3Q7 structure (b) for the phase-field equation.

4 Numerical Implementation of Mixtures

We now go over how we implement numerically the mixture model
we just described, detailing the LBM-based discretization of the two-
phase fluid, the MPM-based simulation of sand, and the coupling
between them via forces.

4.1 Two phase fluid solver in mixture

The Lattice BoltzmannMethod has proven highly effective for single-
and two-phase weakly compressible flows, outperforming conven-
tional Navier–Stokes solvers due to its massively-parallel nature
and high accuracy for turbulent flows. We extend this framework to
fluid–mixture settings to retain LBM’s key advantages (algorithmic
simplicity, parallel efficiency, and robust interface handling) even
in the presence of fluid–sand interactions. This section describes
our LBM-based formulation to solve the governing two-phase fluid
equations, Eqs. (3) and (5), within our mixture model.

LBM evolution equation. The flow equation is solved by the stan-
dard LBM evolution equation on a regular grid using a𝐷3𝑄27 lattice
structure (see Fig. 7), i.e.,

𝑓𝑗 (x + c𝑗 , 𝑡 + 1) = 𝑓𝑗 (x, 𝑡) + Ω 𝑗 (x, 𝑡) + F𝑗 (x, 𝑡), (8)

where 𝑓𝑗 is the discrete particle distribution function, Ω 𝑗 is the
discrete collision operator relaxing 𝑓𝑗 to its equilibrium state 𝑓 eq𝑗 ,
and F𝑗 is the forcing term; the spatial position of a grid node is

denoted x, the local lattice velocity directions at x are written as
{c𝑗 } 𝑗 , while 𝑡 denotes the discrete time. This equation is integrated
via operator splitting, consisting of a collision step followed by a
streaming step:

• collision step: the distribution function is first updated based
on the collision and forcing terms through:

𝑓 ∗𝑗 (𝒙, 𝑡) = 𝑓𝑗 (𝒙, 𝑡) + Ω 𝑗 + 𝐹 𝑗 . (9)

• streaming step: the values 𝑓 ∗ are then streamed to neighboring
nodes to provide the next distribution function values via

𝑓𝑗 (𝒙, 𝑡 + 1) = 𝑓 ∗𝑗 (𝒙 − 𝒄 𝑗 , 𝑡) . (10)

Velocity-based formulation. To solve Eq. (3), we employ a velocity-
based D3Q27 formulation, which offers superior numerical stability
compared to traditional momentum-based approaches [Kim and
Pitsch 2015; Sitompul and Aoki 2019] due to a reduced impact
of density discontinuities which, otherwise, may cause instabil-
ity [Brackbill et al. 1992]. In practice, this simply means that we
use a density-scaled distribution function f compared to usual LBM
solvers, such that its zeroth-order velocity-based moment repre-
sents the local fluid density ratio (fluctuating near unity due to
the weakly-compressible nature of LBM) rather than the absolute
fluid density. While this encoding necessitates dealing with pressure
terms through forcing, this treatment will be key, later on, to deal
with interaction between fluid and sand in a manner that enforces
incompressibility of the fluid in the mixture.

NOCM-MRT collision model. As the choice of collision evalua-
tion is also crucial for numerical stability and accuracy, we em-
ploy the Non-Orthogonal Central-Moment Multi–Relaxation-Time

(NOCM–MRT) collision model recommended in [Li et al. 2020]: the
NOCM-MRT collision operator is computed in moment space, then
projected back in distribution space, through:

Ω = −M−1R(m −meq), (11)

where R is a diagonal matrix containing the individual relaxation
rates

{
𝑟 𝑗

}
𝑗=1...26. Following two-phase LBM practices, the low and

high-order relaxation rates are set to unity, resulting in
{
𝑟 𝑗

}
𝑗=1...26=

{1, ..., 1, 𝑟4, 𝑟5, 1, ..., 1} — see, e.g., [Li and Desbrun 2023]. Here,m and
meq are the moment-space distribution function and its equilibrium
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Fig. 8. Sands of varying densities dropping into water. Sand balls

with varying densities (600, 950 and 1500 kgm−3) are dropped into water

(initial configuration shown in the top inset) illustrating density-dependent

water–sand interactions. Light sand rises and forms distinct suspended

patterns near the surface, whereas heavy sand sinks rapidly and accumulates

as a heap at the container’s bottom.

state, that is, meq=Mfeq (𝒖) where density-scaled feq (𝒖) is the ther-
modynamic equilibrium state for a macroscopic velocity 𝒖, which
we evaluate as a sixth-order Hermite expansion of the continuous
Maxwell–Boltzmann distribution following [Li et al. 2020] modulo
the normalization by the density to adapt their approach to our
velocity-based formulation. This expansion is highly sparse when
evaluated in non-orthogonal central-moment space: only a small
subset of moments remains non-zero, reducing the computational
costs. As a result, the discrete velocity-based equilibrium can be
written in a compact form, with all entries being zero except for the
following non-vanishing terms:

𝑚
eq
0 =𝑚eq

9 = 1, 𝑚eq
17 =

1

3
, 𝑚

eq
18 =

1

9
, 𝑚

eq
26 =

1

27
. (12)

This NOCM-MRT approach to evaluating the collision operator
enhances numerical stability and improves isotropy by relaxing
central moments in a non-orthogonal basis with independently
prescribed relaxation rates, offering a robustness which will be
proven key in our demanding context involving large density ratios
and strong interfacial dynamics.

Macroscopic behavior. After the collision/streaming steps in our
velocity-based formulation, one can recover the macroscopic veloc-
ity u through the first velocity-based moment of f , i.e.,

26∑
𝑖=0

𝑓𝑗c𝑗 = u. (13)

However, it was shown [Banari et al. 2014; Li 2015] throughChapman-
Enskog analysis that this use of a normalized distribution leads to a
pressure-less momentum equation, i.e.,

𝜕u

𝜕𝑡
+ (u·∇)u = ∇· [𝜈∇symu], (14)

where the kinematic viscosity 𝜈 = 𝜇/𝜌 is related to the relaxation
rates 𝑟4 and 𝑟5 via 𝑟4 =𝑟5 = (𝜈/𝑐2𝑠 + 1/2)−1, with 𝑐2𝑠 being the lattice
speed of sound. To recover Eq. (3), we must add all the terms missing
from Eq. (14) as proposed in [Sitompul and Aoki 2019], i.e.,
𝜕u

𝜕𝑡
+ u·∇u = ∇· [𝜈∇symu]

+
[ 𝜈
𝜖𝜌

∇symu ∇(𝜖𝜌) −
∇𝑝

𝜌
+
F𝑠

𝜌
+
F𝑏

𝜌
+

F𝑑

𝜖𝜌

]
. (15)

These terms in brackets are incorporated as forcing terms (i.e., ex-
ternal forces), allowing the intended momentum equation to be
recovered. The components of the added forcing term F to the
velocity-based distribution to get the correct momentum equation
are then formulated as follows. The viscous force is expressed as:

F𝜇 =
𝜈

𝜖
∇symu ∇(𝜖𝜌) = 𝜈∇symu

[
∇𝜌 +

𝜌

𝜖
∇𝜖

]
, (16)

while the pressure force, for a pressure expression that we will
discuss later, is expressed as

F𝑝 = −∇𝑝. (17)
All gradients are evaluated via most-rotationally-symmetric finite
difference evaluations; for instance, for the fluid volume fraction,

∇𝜖 =
26∑
𝑖=0

3𝑤𝑐
𝑗 c𝑗 𝜖 (x+c𝑗 ), (18)

where𝑤𝑐
𝑗 is the lattice weight for direction c𝑗 [Fakhari et al. 2017].

The gravity-based body force is simply
F𝑏 = 𝜌g, (19)

where g is the gravity acceleration, and the last term is the surface
tension force F𝑠 , for which we adopt the formulation from [Fakhari
et al. 2017] to write it as a function of the phase field 𝜙 through:

F𝑠 = 𝜒𝜙∇𝜙, (20)
where the phase-field gradient is approximated through

∇𝜙 =
∑

𝑗 3𝑤
𝑐
𝑗 c𝑗𝜙 (x + c𝑗 ) . (21)

The scalar field 𝜒𝜙 , viewed as a chemical potential, is chosen as
in [Jacqmin 1999], i.e.,

𝜒𝜙 = 4𝛽𝜙 (𝜙 − 1) (𝜙 − 1
2 ) − 𝜅∇

2𝜙, (22)
where the second-order Laplacian of the phase is approximated as:

∇2𝜙 (x) = 6
∑

𝑗
𝑤𝑐

𝑗 (𝜙 (x + c𝑗 ) − 𝜙 (x)). (23)

Finally, the total forcing is F=F𝜇+F𝑝+F𝑏+F𝑠+F𝑑 .

4.2 Sand solver

To efficiently resolve the granular phase while accurately captur-
ing its continuum behavior, we employ the Material Point Method
(MPM) proposed in [Gao et al. 2018]. The sediment is modeled us-
ing a collection of Lagrangian particles, each characterized by its
mass𝑚𝑝 , position x𝑝 , velocity v𝑝 , and deformation gradient F𝑝 . To
reduce dissipation and conserve angular momentum during the
necessary particle-to-grid transfer in MPM, we utilize the Affine
Particle-In-Cell (APIC) transfer scheme from Jiang et al. [2015].

Particle-to-grid transfer. At each time step 𝑡𝑛 , particle mass and
momentum are first transferred from the particles to the nodes of a
background Eulerian grid. Using quadratic B-spline shape functions
{𝑁𝑘 }𝑘 , the grid mass𝑚𝑠

𝑖 and momentum (𝑚v)𝑖 for each node 𝑖 are
computed from nearby particles (indexed by 𝑝 below) as:

𝑚𝑠
𝑖 =

∑
𝑝

𝑚𝑝𝑁𝑖 (x𝑝 ), (𝑚v)𝑖 =
∑
𝑝

𝑚𝑝𝑁𝑖 (x𝑝 ) [v𝑝+B𝑝 (x𝑖−x𝑝 )], (24)

where B𝑝 is the affine velocity matrix stored on particles. The inter-
mediate grid velocity is then obtained via 𝑣𝑛𝑖 = (𝑚v)𝑖/𝑚

𝑠
𝑖 .
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Fig. 9. Sediment-laden flow and delta formation. As a mixture flows down a slope, the water phase moves fast while the sand slows down due to gravity

and reduced near-bed velocities. Water spreads into a thin wetting film along the incline, forming a leading wetting front around the sand-rich core, and it

deposits sediment at the slope exit which builds a fan-shaped delta.

Volume fraction computation. A critical component of our two-
phase coupling is the accurate evaluation of the sediment volume
fraction 𝜀 on the grid, which informs the LBM solver of the part of
the domain occupied by the solid phase. Following [Gao et al. 2018],
we estimate the nodal volume fraction by locally rasterizing particle
volumes 𝑉𝑝 (assumed constant) using

𝜀𝑖 =min
(
𝜀max,

1

𝑉cell

∑
𝑝

𝑉𝑝𝑁𝑖 (𝑥𝑝 )
)
, (25)

where 𝑉cell is the volume of a grid cell, while 𝜀max =0.64 [Baranau
and Tallarek 2014] represents the maximum packing density for
sand grains. The fluid volume fraction is then defined as 𝜖𝑖 =1−𝜀𝑖 , as
the fluid fills up the interstices in between the packed sand grains.

Grid momentum update. The momentum equation (7) is solved
on the Eulerian grid. The total force acting on a grid node 𝔽tot

𝑖 is

𝔽tot
𝑖 = 𝔽𝑒,𝑖 +𝑚

𝑠
𝑖 g + 𝔽𝑑,𝑖 + 𝔽𝑏,𝑖 , (26)

where the elastic force 𝔽𝑒,𝑖 is derived from the divergence of the
stress tensor through:

𝔽𝑒,𝑖 = −
∑

𝑝 𝑉
0
𝑝 𝜎𝑝∇𝑁𝑖 (x𝑝 ), (27)

where 𝑉 0
𝑝 is the initial particle volume and 𝜎𝑝 is the Cauchy stress,

We follow [Tampubolon et al. 2017; Su et al. 2023] and derive the
Cauchy stress from the hyperelastic potential energy density 𝜓𝑠

using the elastic deformation gradient. To capture the cohesive
effects of the sand-fluid mixture, we also use their modified Drucker-
Prager yield criterion that adapts to the saturation state, i.e.,

𝑐𝐹 tr(𝜎𝑝 ) +




𝜎𝑝 −
tr(𝜎𝑝 )

𝑑 I




𝐹
≤ 𝑐𝐶 (𝑆𝑟,𝑝 ), (28)

where 𝑑 is the spatial dimension, and 𝑐𝐶 (𝑆𝑟,𝑝 ) represents the cohe-
sion strength as a function of the water saturation 𝑆𝑟,𝑝 , which, itself,
is approximated by the surrounding grid water volume fraction as
𝑆𝑟,𝑝 =

∑
𝑖 𝜖𝑖𝜙𝑖𝑁𝑖 (x𝑝 ). The term 𝑐𝐹 is the friction coefficient deter-

mined by the internal friction angle, which evolves according to
the hardening model of Klár et al. [2016]. We adopt the hardening
parameters ℎ0 =35◦, ℎ1 =9◦, ℎ2 =0.2, and ℎ3 =10◦, while the rela-
tionship between 𝑐𝐶 and 𝑆𝑟,𝑝 is modeled using the piecewise linear
function used in [Su et al. 2023]
Finally, 𝔽𝑑,𝑖 represents the discrete fluid-sand interaction drag

and 𝔽𝑏,𝑖 the buoyancy force described in Sec. 4.3. Grid velocities are
then updated using the same timestep Δ𝑡 (in physical space) as the
LBM integrator via

v𝑛+1
𝑖 =v𝑛

𝑖 +
Δ𝑡
𝑚𝑠

𝑖
𝔽tot

𝑖 . (29)

Constitutive model and advection. We model the sand as a cohe-
sionless, elastoplastic material with a Hencky strain energy density
obeying the Drucker-Prager yield criterion [Gao et al. 2018]. The
trial deformation gradient is computed as Ftrial𝑝 = (I + Δ𝑡∇v𝑝 )F

𝑛
𝑝 .

If the stress state exceeds the yield surface defined by the friction
angle, a plasticity flow return mapping algorithm projects the defor-
mation back to the yield surface. Finally, the updated grid velocities
are transferred back to update the particle velocities through

v𝑛+1
𝑝 =

∑
𝑖

v𝑛+1
𝑖 𝑁𝑖 (𝑥𝑝 ) (30)

so that the particles can be advected via a simple Euler integration
step x𝑛+1

𝑝 =x𝑛
𝑝 + Δ𝑡v𝑛+1

𝑝 , while the affine matrices B𝑝 are updated to
prepare for the next time step.

4.3 Interaction terms

We now go over the interaction between sand and fluid simulation.

Drag force on sand. The dominant momentum exchange between
the carrier fluid and the sediment phase is modeled via a drag force
density, appearing with opposite signs in the fluid and sand mo-
mentum equations. The drag force on node 𝑖 is defined through
𝔽𝑖

𝑑
=𝑤 (u𝑖 , v𝑖 ) (u𝑖 − v𝑖 ), where u and v denote the fluid and sand

velocities, respectively, and𝑤 is the effective drag coefficient used
in [Gao et al. 2018], i.e., 𝑤 (u𝑖 , v𝑖 ) = 1

2𝑐𝑖 (𝜖
𝑛
𝑖 )

−𝜒𝜌𝐴𝑠
𝑖 |u𝑖 − v𝑖 | . The

experimental coefficients 𝑐𝑖 and 𝜒 are set to 𝜒 = 3.7 and 𝑐𝑖 = 0.39,
while 𝐴𝑠

𝑖 = 2
(
𝑉 𝑠

𝑖 /𝜋
)
1/2 in 2D and 𝐴𝑠

𝑖 = 𝜋
(
3𝑉 𝑠

𝑖 /(4𝜋)
)
2/3 in 3D are

the cross-sectional areas of a round ball of volume 𝑉 𝑠
𝑖 . Since drag

forces scale as 𝐴𝑠
𝑖 , grid nodes containing only a small amount of

solid material undergo only a small drag contribution, which helps
suppress spurious oscillations and other related numerical instabili-
ties. Note that the coefficient 𝑐𝑖 can be used as a tuning parameter
for the relative drag magnitude.

Drag force on fluid. In order to guarantee conservation of total
momentum in the mixture, we prescribe the drag force on the fluid
as F𝑑

𝑖 =−𝔽
𝑖
𝑑
/𝑉cell such that the force drag densities are opposite.

Buoyancy. In addition to drag, fluid-sand interaction must also
account for buoyancy. It acts on the sediment phase as

𝔽𝑏,𝑖 = −𝑉cell𝜀𝑖𝜌𝑖g, (31)

which accounts for the weight of the displaced fluid, with a nega-
tive sign because it counteracts the gravitational pull of the fluid,
corresponding at the mixture level to the buoyant force exerted by
the fluid on the sediment phase.
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Fig. 10. Water retention. To demonstrate the effects of our retention model, we place two sand-filled pipes in the openings of a partition wall. Water retention

is enabled for the sand within the background pipe (farthest from the camera), and disabled for the sand in the foreground pipe. With water on one side of the

partition, it infiltrates the sand in the foreground pipe significantly faster, eventually eroding the sand into the pool on the opposite side. In contrast, the

background sand (with retention enabled) significantly delays fluid ingress, with the bound moisture helping it to withstand the hydraulic pressure.

Pressure definition. The evaluation of pressure in our mixture
context is particularly important as the pressure force (Eq. (17)) is
a key part of the fluid solver in order to enforce incompressibility.
In the context of multiphase LBM simulation (without sand), it is
well known that the pressure 𝑝 is proportional to the fluid density
𝜌 (with a coefficient of proportionality equal to the square of the
speed of sound, 𝑐2𝑠 ), while the time derivative of the pressure 𝑝
varies proportionally to the density times the divergence of the
macroscopic velocity, i.e., 𝜕𝑝

𝜕𝑡 ∝ −𝜌∇ ·u — see, for instance, [He
et al. 1999] for more details on this weakly compressible nature of
LBM simulation. In our mixture context, we need to account for the
presence of sand as well. First, because we target low Mach number

flows, the mass conservation law from Eq. (1) can be simplified to

𝜖
𝜕𝜌

𝜕𝑡
+ 𝜌

𝜕𝜖

𝜕𝑡
+ 𝜌 ∇· (𝜖u) ≈ 0, (32)

as the advective transport of the density involving u · ∇𝜌 can be
neglected since the spatial density gradient and the velocity are both
small in terms of lattice units due to weak compressibility and low
Mach number. Moreover, we know by definition of our mixture that
the fluid and sand volume fractions are summing to one everywhere:

𝜖 + 𝜀 = 1. (33)

Finally, sand simulation is done via MPM, so unlike in the fluid
case, the sand’s material density 𝜚 stays constant, simplifying the
sediment’s mass equation from Eq. (6) to:

𝜕𝜀

𝜕𝑡
+ ∇·(𝜀v) = 0, (34)

We deduce that the time derivative of 𝜖 and 𝜀 are linked via:

𝜕𝜖

𝜕𝑡

Eq. (33)
= −

𝜕𝜀

𝜕𝑡

Eq. (34)
= ∇ · (𝜀v). (35)

Now, Eq. (32) can thus be rewritten:

𝜖
𝜕𝜌

𝜕𝑡
+ 𝜌∇ · (𝜀v + 𝜖u) ≈ 0, (36)

which now exhibits the divergence of the mixture velocity. We thus
simply define the time derivative of pressure to be:

𝜕𝑝

𝜕𝑡
+
𝑐2𝑠 𝜌

𝜖
∇ · (𝜀v + 𝜖u) = 0, (37)

to mimic the same weak compressibility of multiphase LBM flows,
but now to drive the mixture towards incompressibility.

Pressure update. We use a simple Euler time integration step to
turn Eq. (37) into a pressure update per time step. First, expanding
the divergence 𝜖u + 𝜀v yields 𝜖∇·u + 𝜀∇·v + (u − v) ·∇𝜖 , showing
that the pressure time derivative responds not only to the volume
changes of the individual fluid and sediment phases, but also to
the relative slip between them in regions of non-uniform volume
fraction. Second, we use the approximation proposed in [Sitompul
and Aoki 2019] to evaluate the divergence of the fluid velocity:

1 −
∑

𝑗

𝑓𝑗 (x, 𝑡) ≈ ∇ · u. (38)

We finally update the pressure from time 𝑡𝑛 to time 𝑡𝑛+1 as:

𝑝𝑛+1 = 𝑝𝑛 − 𝑐2𝑠 𝜌
𝑛+1

(
1 −

∑
𝑖

𝑓𝑗 (x, 𝑡) +
𝜀∇·v + (u − v) ·∇𝜖

𝜖

)
, (39)

where the terms involving gradients are computed using Eq. (18). Fi-
nally, a (local average) filter is applied to the pressure field [Sitompul
and Aoki 2019] to enhance stability:

𝑝 (x) =
∑

𝑗
𝑤𝑐

𝑗𝑝 (x + c𝑗 ) . (40)

Eq .(18) is then used on this filtered pressure 𝑝 to compute the
pressure gradient present in Eq. (17).

4.4 Phase-field solver in mixture

To model a two-phase flow for two immiscible fluids of densities 𝜌ℎ

and 𝜌𝑙 and and kinematic viscosities 𝜈ℎ and 𝜈𝑙 (where the subscripts
ℎ and 𝑙 denote the high- and low-density fluids, respectively), we em-
ploy the diffuse-interface phase-field formulation of Li et al. [2022].
In this framework, a time-dependent phase indicator 𝜙 (𝑥, 𝑡) ∈ [0, 1]
is used as an order parameter that distinguishes spatial regions
occupied by the two fluids through

𝜙 (𝑥, 𝑡) =

{
1 inside the high-density fluid,

0 inside the low-density fluid.
(41)

The conservation equation for the fluid volume fraction states that

𝜕𝑡𝜖 + ∇ · (𝜖u) = 0. (42)

The phase field being purely advected in the macroscopic velocity
of the fluid, one obtains:

𝜕𝑡𝜙 + u · ∇𝜙 = 0, (43)

which can be re-expressed in a conservative form with an extra
source term 𝑆𝜙 as:

𝜕𝑡𝜙 + ∇·(𝜙u) =

:= 𝑆𝜙︷︸︸︷
𝜙∇·u, (44)
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Fig. 11. Centrifugal stirring of water and sand. After initiating a swirl in the fluid that produces the expected parabolic free-surface profile, the rotating

flow entrains the sand and transports it inward, eventually forming a sand heap at the bottom, while some sand stays stuck in the corner of the container.

Based on Eq. (42), we can express the source term as a function of
the volume fraction 𝜖 instead to enforce the conservation equation
for the fluid fraction :

𝑆𝜙 = 𝜙∇·u = −
𝜙

𝜖

( 𝜕𝜖
𝜕𝑡

+ u · ∇𝜖
)

(45)

As in [Li et al. 2022], we adopt a phase-field formulation derived
from a thermodynamic free-energy functional that combines a
Ginzburg–Landau double-well potential for the bulk free-energy
density of each phase with a Dirichlet-type gradient term penalizing
interfacial variations, expressed in conservative form through an
Allen–Cahn equation [Geier et al. 2015], that we simply augment
with the source term 𝑆𝜙 to account for our mixture setup:
𝜕𝜙

𝜕𝑡
+∇·(𝜙u) = ∇ ·

[
𝑀
(
∇𝜙 −

4

𝜉
𝜙 (1−𝜙)n

) ]
−
𝜙

𝜖

( 𝜕𝜖
𝜕𝑡

+u · ∇𝜖
)
. (46)

LBM discretization. For the temporal integration of Eq. (46), we
adopt a kinetic formulation to handle the coupling between the
phase field and the fluid motion with a 𝐷3𝑄7 lattice structure (see
Fig. 7) as in [Li et al. 2022]. We introduce a distribution function h,
from which the phase field is recovered as its zeroth moment:

𝜙 (x, 𝑡) =
𝑘=6∑
𝑘=0

ℎ𝑘 (x, 𝑡). (47)

The phase field dynamics from Eq. (46) is then recast in kinetic form,
inducing an evolution of the distribution components ℎ𝑘 through
the lattice Boltzmann equations:

ℎ𝑘 (x + d𝑘 , 𝑡 + 1) − ℎ𝑘 (x, 𝑡) = Ωℎ
𝑘 (x, 𝑡) + 𝐻𝑘 (x, 𝑡) + 𝑆𝑘 (x, 𝑡), (48)

where the first force H represents the conservative part of the dy-
namics, balancing the diffusive fluxes of the phase equation and
relaxing the order parameter toward the prescribed hyperbolic-
tangent interface profile 𝜙 (x, 𝑡) = 1

2

[
1−tanh

(
2𝑑𝜙 (x)/𝜉

) ]
towards

the equilibrium state, i.e.,

H =
4𝜙 (1 − 𝜙)

𝜉

∇𝜙

|∇𝜙 |
. (49)

This phase field force is projected in distribution space via:

𝐻𝑘 (x, 𝑡) =𝑤
𝑑
𝑘 𝒅𝑘 · H(x, 𝑡), (50)

where d𝑘 and 𝑤𝑑
𝑘
denote the discrete velocities and quadrature

weights of the D3Q7 lattice. The second term, 𝑆𝑘 , derives from the
source term to account for the presence of the sand phase, so that
the order parameter is updated consistently with the local solid
volume fraction: it ensures that the total volume of the fluid in the

mixture remains conserved, rather than neglecting the sand presence

on the fluid phase field, which would otherwise lead to a significant
loss of fluid mass conservation. This term is evaluated as:

𝑆𝑘 (x, 𝑡) =𝑤
𝑑
𝑘 𝑆𝜙 (x, 𝑡), (51)

where we use the same d𝑘 and 𝑤𝑑
𝑘
of the D3Q7 lattice as above.

It is important to note here that the discrete source terms 𝑆𝑘 are
constructed to strictly satisfy the moment-matching conditions
required by the Chapman-Enskog analysis, i.e.,

∑
𝑘 𝑆𝑘 = 𝑆𝜙 and∑

𝑘 𝑆𝑘d𝑘 = 𝑆𝜙
∑

𝑘 𝑤
𝑑
𝑘
d𝑘 = 0; such that the multiscale analysis of

[Xiong and Cao 2025] can be applied to show that Eq. (46) is prop-
erly recovered when the LB Eqs. (48) are integrated in time.

Volume preservation in time. Evaluating the source term numer-
ically leads to imperfect volume conservation as cumulative dis-

cretization errors generate gradual loss or gain of fluid volume over
long simulation runs. To mitigate this effect, we record the initial
total fluid volume 𝑉0 at the start of the simulation. At each subse-
quent time step, we calculate the current volume 𝑉 (𝑡) and apply
a proportional controller to adjust the source term’s net contribu-
tion. This ensures the corrected volume 𝑉 is actively driven back
toward 𝑉0 according to the relation 𝑆𝑐

𝜙
(x, 𝑡) = 𝛾 (𝑡) 𝑆𝜙 (x, 𝑡), where

correction factor 𝛾 (𝑡) is defined as:

𝛾 (𝑡) = clamped
( 𝑉0 −𝑉 (𝑡)∑

x 𝑆𝜙 (x, 𝑡)
, [−𝜂, 𝜂]

)
. (52)

The corrected source term 𝑆𝑐
𝜙
(x, 𝑡) is thus a scaled version of the

original source term, with a scaling factor 𝛾 (𝑡) clamped within
a range [−𝜂, 𝜂] for a threshold 𝜂 which we pick to be 𝜂 ∈ [1, 2].
This mechanism ensures that the correction remains stable while
effectively counteracting the numerical volume drift.

4.5 Water retention model

While the governing equations described above effectively capture
the macroscopic dynamics of the mixture, they do not explicitly
account for themicroscopic capillary forces acting within the porous
sand structure. In reality, matric suction and surface tension trap a
residual amount of fluid between grains during drainage. Relying
solely on advection of the phase field would cause the sand to dry out
instantaneously (and thus non-physically) as the bulk fluid recedes.
To reproduce the realistic behavior of wet sand (where moisture
remains effectively bound to the sediment even after the bulk fluid is
gone), we adopt a water retention strategy inspired by the Granule-
in-Cell (GIC) method [Tang et al. 2025], where free-flowing fluids are
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Fig. 12. Sediment-laden dam break over bunny.We simulate a dam break involving a water–sand mixture and a rigid bunny obstacle. When the flow

strikes the bunny, the water splashes around the geometry while a sand-rich mixture piles up against the obstacle, flowing around it with reduced mobility.

captured by unsaturated sand granules and converted into bound
moisture mass. This mechanism prevents the complete separation
of the fluid phase from the sand phase and allows for the simulation
of varying degrees of saturation, from dry to fully saturated states.
We introduce a time-dependent moisture ratio 𝑟𝑝 (𝑡) ∈ [0, 𝑟max]

for each sand particle 𝑝 , where 𝑟𝑝 (𝑡)𝑉𝑝 denotes the volume of water
bound to the particle. Rasterizing these bound volumes onto the
grid yields the local bound water volume fraction 𝑅𝑖 (𝑡) at node 𝑖:

𝑅𝑖 (𝑡) =
𝑉𝑝

𝑉cell

∑
𝑝

𝑟𝑝 (𝑡)𝑁𝑖 (x𝑝 ). (53)

To account for this retention, we define an effective porosity 𝜖𝑖 , which
represents the volume fraction of fluid after excluding both the solid
sediment and the bound moisture, i.e.,

𝜖𝑖 (𝑡) = 1 − 𝜀𝑖 (𝑡) − 𝑅𝑖 (𝑡). (54)

We then determine the increment in the local bound water volume
fraction at node 𝑖 , denoted as Δ𝑅𝑖 (𝑡), through

Δ𝑅𝑖 (𝑡) =min
(
𝜖𝑖𝜙𝑖 ,min(𝑅𝑎Δ𝑡𝑟max𝜀𝑖 , 𝑟max𝜀𝑖 − 𝑅𝑖 (𝑡))

)
, (55)

where 𝑟max𝜀𝑖 represents the maximum water retention capacity of
the sediment, while 𝑅𝑎 is a tunable absorption coefficient determin-
ing the uptake rate. The inner minimum restricts the absorption
to the remaining retention capacity (𝑟max𝜀𝑖−𝑅𝑖 (𝑡)), while the outer
minimum caps the intake at the currently available fluid volume
(𝜖𝑖𝜙𝑖 ). Subsequently, the bound water fraction is updated via:

𝑅𝑖 (𝑡 + 1) = 𝑅𝑖 (𝑡) + Δ𝑅𝑖 (𝑡). (56)

In order to maintain mass conservation during the transition of
water from a free to a bound state, the calculation of the phase field
evolution (Eq. (46)) must use a modified phase field source term 𝑆𝜙

(see Eq. (45)) using 𝜖 as the effective volume fraction, that is,

𝑆𝜙 = −
𝜙

𝜖

(
𝜕𝜖

𝜕𝑡
+ u · ∇𝜖

)
−

Δ𝑅𝑖

Δ𝑡𝜖
. (57)

Finally, the particle moisture ratios are updated by transferring the
grid-based increments back to the particles:

𝑟𝑝 (𝑡 + 1) = 𝑟𝑝 (𝑡) +
∑

𝑖
Δ𝑅𝑖 (𝑡 )

𝜀𝑖
𝑁𝑖 (x𝑝 ). (58)

When water retention is active, the water saturation state 𝑆𝑟,𝑝 —
which governs the cohesion strength 𝑐𝐶 — is redefined as the sum
of the bound water fraction and the local free fluid fraction:

𝑆𝑟,𝑝 =
∑

𝑖 (𝑅𝑖 + 𝜖𝑖𝜙𝑖 )𝑁𝑖 (x𝑝 ). (59)

Furthermore, when water retention is enabled, 𝜖 replaces 𝜖 in the
calculation of Eqs. (39) and (16), influencing the rate of water infil-
tration into sand. Figs. 17 and 10 show two examples where water
retention meaningfully changes the visual behavior.

5 Results and Discussions

We now present a comprehensive set of evaluations designed to
highlight the advantages of our method. These experiments pur-
posely span a wide range of scenarios involving mixtures between
two-phase flows and sand, including phase separation, sediment
entrainment and deposition, turbulent mixing, splashing, bubbling,
wetting and absorption of water by sand, as well as erosion-driven
interactions with complex boundary conditions. We include quali-
tative comparisons against prior approaches and real-world obser-
vations. A series of targeted ablation studies are also presented to
assess the impact and effectiveness of our specific contributions —
most notably, of our proposed mass conservation term.

5.1 Implementation Details

We implemented our mixture solver, whose pseudocode is given
in Alg. 1, in C++ and CUDA to best exploit massively parallel ar-
chitectures. To optimize memory access patterns on the GPU, we
employ a structure-of-arrays (SoA) data layout [Chen et al. 2022] for
all field variables. Unlike traditional double-buffering LBM schemes,
we utilize an inplace streaming algorithm [Li et al. 2022] requir-
ing a single copy of the distribution functions, thus significantly
reducing memory use. While most computations are performed in
single precision to maximize throughput, we employ double pre-
cision for the calculation of the total fluid volume to limit errors
accumulating from floating-point truncation (see Sec. 4.4). For the
discretization of the governing equations, we utilize different lattice
structures tailored to the specific physical fields as mentioned in
Sec. 3: the phase field evolution is solved using a D3Q7 lattice, while
the hydrodynamic velocity field employs a D3Q27 lattice to ensure
better stability and rotational invariance (see Fig. 7). Furthermore,
the boundary of the granular phase (sand) is represented using a
signed distance field (SDF) computed via libigl [Jacobson et al.
2018]. To minimize computational overhead, the fluid solver reuses
these pre-computed SDFs to determine connected domains and han-
dle fluid-solid interactions. Finally, the conversion between physical
units and LBM units follows the dimensionless procedure described
in the supplementary material of [Li et al. 2020]. All our experiments
were conducted on a NVIDIA RTX PRO 6000 GPU equipped with
96 GB of memory. We also use Blender [Blender Online Community
2018] to render the results. Water-in-sand effects are visualized with
geometry nodes to determine the sand color based on the amount
of retained water. Note that in simulations where water retention is
disabled, we visually differentiate between dry and wet sand by clas-
sifying and rendering particles as “wet” whenever their saturation
𝑆𝑟,𝑝 exceeds (1−𝜀max)/2.
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ALGORITHM 1: Coupled LBM-MPM Mixture Solver

Initialize: Fluid distributions 𝑓𝑖 , ℎ𝑖 , Sand particles x𝑝 , v𝑝 , F𝑝 ;
for 𝑡 = 1 to 𝑁 do

// — MPM Stage 1: Transfer —

MPM_ParticlesToGrid() ; ⊲ Eq. (24)
// — MPM Stage 2: Volume Fraction & Grid Update —

ComputeVolumeFractions() ; ⊲ Get 𝜀 , 𝜖 and 𝜖 , Eqs. (25), (33), (54)
// — Coupling: Water Retention —

UpdateWaterRetentionAndSource() ; ⊲ Sec. 4.5
MPM_UpdateGridMomenta() ; ⊲ Add total force to sand, Eqs. (26), (29)

// — MPM Stage 3: Advection —

MPM_GridToParticlesAndAdvect() ; ⊲ Strain update & Advection, Eq. (30)

// — LBM Stage 1: Phase & Fluid Macroscopic Variables Updation —

Update phase field 𝜙 ; ⊲ Eq. (47)
Update velocity field u; ⊲ Eq. (13)
// — Coupling: Pressure and Drag Force —

UpdatePressureFieldAndApplyFilter() ; ⊲ Eqs. (39), (40)
ComputeCouplingAndBodyForces() ; ⊲ Secs. (4.1), (4.3)
// — LBM Stage 2: Phase & Fluid Evolution —

PhaseFieldCollision() ; ⊲ Eqs. (48), (45) and (57)

PhaseFieldStreaming() ; ⊲ Eq. (48)
FluidCollision() ; ⊲ Eq. (9), NOCM-MRT

FluidStreaming() ; ⊲ Eq. (10)
end

Fig. 13. Comparison with [Tang et al. 2025]. For a simple sand drop in

a beaker, our approach (top) exhibits the same overall coupling behavior

between sand and fluid as in [Tang et al. 2025], but with clearly more visible

bubbles and splashes, and at a 12 times lower computational cost.

5.2 Comparisons

We begin the presentation of our results with a few comparisons.

Comparison with an existing method. In Fig. 13, we compare our
approach with the state-of-the-art method [Tang et al. 2025] using
their example of a sand ball dropped in a beaker, with sand density
set to 1500 kgm−3. Both methods show the sand sinking to the bot-
tom of the beaker along with water splashing. Our method produces
bubbles and splashing effects due to our less viscous fluid, capturing
the settling and dispersal behavior of sand as it falls through water,
resulting in more realistic and visually engaging effects. In contrast,
[Tang et al. 2025] exhibits noticeably more viscous water behavior,
with no observable interaction between sand and bubbles. Moreover,
their CPU implementation requires approximately 10.3 mins per
frame in this example, whereas our GPU-based method takes only
about 0.87 mins per frame, achieving a 12× speedup.

Fig. 14. Volume preservation in sand drop.When a big ball of sand drops

in a small amount of water, our approach (c) maintains a near-constant fluid

volume in time as indicated in the upper right plot. However, if we remove

our source term 𝑆𝜙 in the phase field equation, the water level does not grow

as the sand falls in the container (a), resulting in a drastic loss of volume.

If we add back our source term but now remove our volume controller (b),

volume variations reach around 5% during the simulation, proving that both

the source term and the controller are necessary for proper fluid volume

preservation in a mixture simulation.

Ablation test for source term. We keep the sand-drop example to
conduct an ablation study on our proposed source-term design (Fig.
14). We first compare simulations with and without the source term
from Eq. (45). Without the source term, the water level does not rise
to accommodate the presence of sand, which leads to 30% mass loss.
In contrast, incorporating the source term correctly elevates the
water level to account for the fluid volume displaced by sand. We
further compare our results with and without the volume propor-
tional controller to help maintain the initial volume more precisely.
As shown in Fig. 14, disabling the controller leads to noticeable
volume non-conservation over time (up to 5%). By contrast, with
the volume proportional controller, the total fluid volume is well
preserved, with variations remaining below 1% over time.

Comparison with real experiment. We further compare ourmethod
with a real-world experiment of granular collapse into water, as
shown in Fig. 15. Our results are compared against the experimental
data reported in [Kane 2025], using the same experimental setup
described in [Robbe-Saule et al. 2021] and for a Froude number of 3.6
(representing the square root of the ratio between the initial granular
column height and the water height). We reproduce the experiment
with our method by setting the sand density to 900 kgm−3 as the
experiment suggested. Ourmethod captures sand-water interactions
well: the sand falls into thewater and generates a wavewhich pushes
up the sand and forms bubbles and splashing before settling down,
thus matching the overall behavior of the real experiment.

5.3 Simulation results

We now go over a series of examples we ran to test the visual
accuracy of our sand-water-air mixture solver. Fluid phase densities
for all examples are fixed at 𝜌ℎ =1000 kgm−3 and 𝜌𝑙 =1.25 kgm−3.
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Fig. 15. Comparison with granular collapse experiments. A block of

sand collapses onto the water and generates a wave, rolling up and carrying

the sand forward. Our simulation closely mimics the sand-water dynamics

of real-word experiments (showed in top-right snapshots).

5.3.1 Fluid–sand simulation in simple domains.

Sands of varying densities dropping into water. In Fig. 8, we drop
a small sand ball into water and vary its density (600, 950 and
1500 kgm−3) to evaluate how sand density influences the result-
ing dynamics. When the sand is light, it drops into the water with
splashes, forming a mushroom-like shape before finally floating on
the water surface as a layer of sand. For medium density sand, the
sand drops with stronger splashes, and the sand gradually floats
back up the surface of the water due to its density being slightly
lower than that of water. For heavy sand, the sand quickly sinks to
the bottom of the container to form a sand heap.

Water-sand dam break. We simulate in Fig. 16 a dam-break sce-
nario involving both water and sand. The water rapidly surges
forward, impacts the sand pile, and entrains grains into suspension,
producing splashes and air-entrained bubbles in the impact area.
Since the sand is less dense than water in this setup (𝜚 =900 kgm−3)),
a part of the sand grains rises and gets trapped by the surface flow,
forming coherent, spiral-like sand streaks and vortical patterns near
the free surface.

Centrifugal stirring of water and sand. In Fig. 11, we feature an
example where a container holds water and a sand pile at the bottom,
before water is stirred. At the initial stage, we apply a tangential
forcing to the liquid to initiate a swirl. The flow quickly develops
into a coherent rotation and, under the combined effects of surface
tension and centrifugal acceleration, the free surface rises along the
container walls and forms the expected parabolic profile. Meanwhile,
the circulating motion entrains and transports sand grains; as the
flow evolves, the grains migrate toward the center and gradually
accumulate into a pronounced heap at the bottom.

Raindrop on sand. We simulate a raindrop falling on a flat sand
pile for two different surface tension values in Fig. 6. Initialized
with a downward velocity, the raindrops exhibit markedly different
impact dynamics: low surface tension leads to strong droplet defor-
mation, accompanied by pronounced splashing with sand ejected
and dispersed radially by the droplet motion, whereas high sur-
face tension stabilizes the droplet after capturing a few sand grains,
resulting in a much milder impact creating limited disturbance.

Dam break over a sand castle. Fig. 3 shows a wall of water crashing
into a sand castle to demonstrate our method’s ability to capture

erosion, structural failure, and wetting phenomena. As the water
front reaches the castle, the incoming flow exerts strong shear and
impact forces on the sand structure, causing surface grains to detach
and be rapidly transported downstream. With continued loading,
the integrity of the castle progressively degrades, and the turrets
collapse under the combined effects of hydraulic pressure and loss
of granular support. Following the initial impact and collapse, water
infiltrates and wets the remaining body of sand, darkening the
structure and further weakening its cohesion, ultimately leading to
the collapse of the main keep. The simulation vividly reproduces
the erosive action of a dam break flow on a sand castle, including
grain detachment, partial structural failure, and large-scale wetting,
highlighting the realism and robustness of the proposed approach
in modeling fluid-driven erosion processes.

Rectangular dam outlet mixture flow. We simulate a dam release
scenario through a rectangular outlet to observe transient discharge
behaviors and water–sand interactions. In Fig. 1, at the initial stage,
clean water is released from the inlet and forms a high-speed jet. As
the jet flows out, sediments are entrained into the flow, and a water-
sand mixture is expelled, producing a visually complex, yellow-
tinted jet indicative of intense mixing. Upon impingement into the
downstream basin, the mixture generates vigorous splashing and
bubble formation, accompanied by pronounced sediment settling
and complex sand rearrangement across the basin floor.

Breaching of a sand bailey. To evaluate the method’s ability to cap-
ture free-surface disturbances and erosion-driven structural failure,
Fig. 5 shows a scenario where water confined within a sand-walled
basin gradually breaches the surrounding sand barriers before break-
ing them open. As water falls into the basin, it induces localized
surface oscillations; these repeated disturbances amplify wave mo-
tion within the basin, increasing pressure and shear stresses along
the sand walls. Meanwhile, sediment transported by the oscillatory
flow settles on the basin floor, forming successive ripple patterns
that evolve with the changing flow conditions. Over time, water
infiltrates and erodes the sand structure, weakening its mechanical
stability. Eventually, fractures emerge in the sand bailey, followed
by progressive collapse and outward release of the water.

Wind-driven water-sand mixing. In Fig. 2, we demonstrate wind-
driven water–sand interactions using our mixture simulation. A
sand island (with density 𝜚 =600 kgm−3 so as to float) in the shape
of a SIGGRAPH logo is initially placed slightly above the water
surface, while a strong air inflow strikes the island from above.
After getting in contact with the water, the sand floats but becomes
wet. As the wind intensifies, it generates waves and splashes, and
simultaneously kicks up the sand in wind-aligned patterns. The
airflow gradually lifts and entrains fine sand from the mass and
eventually breaks the logo apart into discrete fragments that disperse
across the container and drift on the water surface.

Moisture-induced cohesive strengthening. To showcase our ability
to couple water retention and cohesion, we simulate the collapse
of a sand column under dry and wet conditions (Fig. 17). Upon re-
moving the boundary constraints holding a block of sand together,
dry sand lacks interstitial moisture, leading to immediate gravita-
tional collapse. In contrast, if we pour water on it first, the sand
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Fig. 16. Dam break over sand pile. As a water dam breaks, it impacts a sand pile, entraining grains and generating splashes with air-entrained bubbles.

With sand less dense than water in this setup (𝜚 = 900 kgm−3), sand grains rise and form vortex-like streaks on the free surface.

Fig. 17. Moisture-induced cohesive strengthening This simulation

demonstrates the coupling between our water retention model and the

sand cohesive forces. From a sand block in an invisible box-shaped con-

tainer, we try two scenarios: we either pour water over the sand (top), or not

(bottom). When the container is artificially removed, we see that in the case

of the wet sand, its cohesive forces have increased due to the local saturation.

As a consequence, the block of sand keeps its structural integrity partially

by forming a column created by moisture-induced cohesive strengthening,

while the dry sand collapses immediately.

captures fluid as bound moisture. This local increase in saturation
triggers cohesive forces that significantly enhance the material’s
shear strength. Consequently, the block of partially wet sand main-
tains its structural integrity for a while, forming a vertical column
which ends up collapsing.

5.3.2 Fluid–sand simulation in complex domains.

Sediment-laden flow and delta formation. In Fig. 9, we simulate a
water–sandmixture flowing through an outlet and descending along
an inclined slope in order to test sediment transport, deposition,
and wetting effects. As the mixture accelerates along the downslope,
the water phase moves quickly while the sand gradually settles
due to reduced near-bed velocities. Along the inclined surface, the
water spreads laterally and forms a thin wetting layer, giving rise
to a distinct wetting boundary that precedes and surrounds the
sand-rich core of the flow. Upon reaching the flatter region at the
slope exit, the transported sediment is deposited and progressively
forms a fan-shaped accumulation characteristic of a river delta.
Continued inflow drives the growth of the delta front and induces
evolving flow paths, with water diverting around deposited sand
while maintaining visible wetting patterns on the slope.

Sediment-laden bunny dam break. We simulate a dam break sce-
nario in Fig. 12 involving a water–sand mixture hitting a rigid bunny
obstacle in order to evaluate the robustness of the proposed method
under strongly coupled multiphase dynamics. After release, the

mixture undergoes rapid acceleration, during which the heavier
sand phase initially lags behind the water and subsequently forms
a dense front near the bottom. As the flow evolves, the water phase
entrains and lifts sand particles, generating vigorous mixing and
complex turbulent structures within the mixture. Upon impact with
the bunny, the water splashes upward and around the geometry,
while the sand-rich flow exhibits pronounced inertial effects, piling
up against the obstacle and flowing around it with reduced mobility.
The interaction produces strong splashing, turbulent water-sand
mixing, and localized accumulation of sand in concave regions.

Water-sand flow through a colander. To demonstrate the capability
of our method to handle complex boundary conditions, we simulate
the injection of a water–sand mixture (𝜚 = 1000 kgm−3)) into a
colander to induce multiphase separation, jetting, and deposition
behavior in Fig. 4. Owing to the high water content within the sand
phase, the mixture does not form cohesive sand clumps; instead,
the sand remains sufficiently fluidized to flow together with the
liquid and pass through the narrow gaps of the colander. As the
mixture exits the perforations, multiple high-speed jets are gen-
erated, producing complex, yellow-tinted splashing indicative of
strong water–sand mixing. After hitting the ground, the two phases
exhibit markedly different behaviors: the water spreads laterally
and fills the shallow pool, while the sand moves along with the fluid
before settling across the bottom, creating a landscape of distributed
sediment and heaps of different scales.

Water retention. To evaluate the physical efficacy of our reten-
tion strategy, we conduct a comparative experiment involving two
sand-filled pipes subjected to water on one side, as illustrated in
Fig. 10. The side water exerts hydraulic pressure on both blocks.
The sand within the foreground pipe, where our retention model is
disabled sees water rapidly infiltrating the porous medium, leading
to immediate saturation, loss of stability, and erosion into a slurry.
Conversely, the background pipe, whose sand uses our water reten-
tion formulation, has water penetrating, which turns into bound
moisture in the sand. Crucially, this reduces the effective porosity 𝜖
used in the pressure force calculations, which physically restricts
the flow conductivity and delays the wetting front. Simultaneously,
the retained moisture contributes to the local saturation state 𝑆𝑟 ,
preserving the cohesive strength of the sand and allowing the block
to withstand the hydraulic load significantly longer.

Seawater inundation of a desert city. A desert city is subjected
to an incoming seawater surge, producing intense splashing and
spray as the flow impacts the sandy ground and urban geometry in
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Fig. 18. Seawater inundation of a desert city. Seawater inundates a desert city, producing strong splashing as the flow impacts sandy terrain and urban

structures. A water–sand mixture is formed through erosion and deposition, ultimately covering the city with water and sand accumulations. Each frame uses

a split-screen comparison: the left side renders the full fluid-sand mixture, while the right side only renders sand to better show the final sand distribution.

Fig. 18. The water rapidly entrains and transports sand, generating
a water-sand mixture that flows around buildings, accompanied by
strong turbulent motion and localized erosion. As the flow evolves,
sediment deposition and redistribution progressively reshape the
terrain, and the city is transformed into a water-covered environ-
ment characterized by pools and newly formed sand accumulations,
highlighting the rich coupled dynamics captured by our solver.

6 Conclusion

In this paper, we develop a coupled two-phase LBM-MPM frame-
work for water-sand mixtures. Building on a unified mixture for-
mulation that expresses both the fluid phase and granular medium
within a consistent continuum setting, we derive an LBM-based ki-
netic two-phase flow solver and model sand using MPM. To obtain
explicit fluid-sand momentum-exchange terms, we incorporate a
drag force and derive a new pressure update that enforces incom-
pressibility within the mixture, enabling a wide range of coupled be-
haviors. We further present a simple yet effective mass-conservation
treatment for mixture dynamics by adding a source term to the
phase-field equation, which may facilitate more complex coupling
scenarios in future works — e.g., two-phase flow interacting with
rods or cloth. Finally, we introduce a water absorption and retention
strategy for sand to model capillary effects. Our method is highly
amenable to GPU parallelization, achieving at least a 12× speedup
over previous free-surface sand–water coupling approaches such
as [Tang et al. 2025], while producing visually richer air-water-sand
mixing phenomena.

Limitations and future work. Despite the wide range of results
demonstrated in this paper, our method still has several limitations.
Our current implementation has a substantial memory footprint,
which limits the scale and resolution of practical simulations. In
addition, the MPM-based sand solver typically requires a relatively
small time step, which often becomes the computational bottleneck
of the coupled system. A promising direction is to decouple the
fluid and sand solvers and advance them with different time steps
(e.g., using subcycling or multi-rate integration), or even explore
coupling between LBM and implicit MPM, which could significantly
improve overall efficiency. We point out that our current approach
is unable to resolve interfacial details at high Reynolds numbers,
reducing overall predictability at the macroscopic level. Future ex-
tensions may thus focus on integrating multi-resolution grids in the
LBM solver and adaptive sampling within MPM to overcome this
limitation. Similarly, our continuum-based sand model is inadequate

at very small scales: the current formulation and our typical grid
resolution cannot accurately capture grain-level dynamics. Finally,
our diffuse-interface two-phase flow model does not prevent bub-
ble disappearance; in our experiments, pressure filtering further
exacerbates this issue at low resolutions. Furthermore, our global
volume controller may negatively impact accuracy for turbulent
flows, so we recommend disabling it for relative errors below 4%.
In future work, coupling a sharp-interface free-surface formula-
tion (e.g., HOME-FREE [Wang et al. 2025]) with an explicit bubble
model and the sand solver could provide a principled remedy, en-
abling more robust bubble preservation while maintaining stable
water–sand interactions. In addition, HOME-FREE is expected to
reduce memory consumption by avoiding the need to explicitly
simulate the surrounding air phase and its moment representation.
Extending the framework to robustly handle water–sand mixtures
interacting with dynamic rigid bodies and deformable objects (e.g.,
cloth or soft solids) is another promising direction for future work.

Acknowledgments

The castle mesh in Fig. 3 is the Christ Church 3D Model from the
RigModels.com. The bunny mesh in Fig. 12 is from the Stanford
Computer Graphics Laboratory. The beaker mesh in Fig. 13 is from
the cgtrader. The city mesh in Fig. 18 is the New York LowerManhat-
tan from the Sketchfab. This work was supported by the Shanghai
Pujiang Program (25PJD058) and SJTU’s startup funds. MD acknowl-
edges support of the MediTwin consortium (funded by the French
government as part of France 2030), an Inria Chair, and of Synopsis.
XY thanks the Shanghai Municipal Science and Technology Major
Project (2021SHZDZX0102), and the Fundamental Research Funds
for Central Universities.

References
Daniela Anderl, Simon Bogner, Cornelia Rauh, Ulrich Rüde, and Antonio Delgado.

2014. Free surface lattice Boltzmann with enhanced bubble model. Computers &
Mathematics with Applications 67, 2 (2014), 331–339.

T Bo Anderson and ROY Jackson. 1967. Fluid mechanical description of fluidized beds.
Equations of motion. Ind. & Eng. Chem. Fund. 6, 4 (1967), 527–539.

Ryoichi Ando, Nils Thuerey, and Chris Wojtan. 2015. A Stream Function Solver for
Liquid Simulations. ACM Trans. Graph. 34, 4, Article 53 (2015).

Amir Banari, Christian Janßen, Stephan T. Grilli, and Manfred Krafczyk. 2014. Efficient
GPGPU implementation of a lattice Boltzmann model for multiphase flows with
high density ratios. Computers and Fluids 93 (2014), 1–17.

Vasili Baranau and Ulrich Tallarek. 2014. Random-close packing limits for monodisperse
and polydisperse hard spheres. Soft matter 10, 21 (2014), 3826–3841.

Nathan Bell, Yizhou Yu, and Peter J Mucha. 2005. Particle-based simulation of granular
materials. In Symposium on Computer Animation. 77–86.

Blender Online Community. 2018. Blender. Blender Fndn. http://www.blender.org
Simon Bogner. 2017. Direct numerical simulation of liquid-gas-solid flows based on the

lattice Boltzmann method. Ph. D. Dissertation. Erlangen-Nürnberg University.

ACM Trans. Graph., Vol. 45, No. 4, Article 77. Publication date: July 2026.



77:16 • Xiao et al.

Table 1. Parameters and timings. We provide physical parameters and grid/particle configurations used in the paper. Note that the viscosity and the

absorption coefficient 𝑅𝑎 are given in dimensionless space, time steps in seconds, and timings represent the averaged time per frame in seconds.

Simulation Grid Particle Spacing Water Controller Kinematic Viscosity Sand Density Time Step Time

Case Resolution Number Δ𝑥 (m) Retention/𝑅𝑎 Strength 𝜂 𝜈ℎ 𝜈𝑙 𝜚 (kgm−3) Δ𝑡 (s) (s/frame)

Fig. 1 800 × 320 × 400 5, 838k 0.0075 no 2 5 × 10−4 1 × 10−1 2000 1.0 × 10−4 252.0
Fig. 2 600 × 180 × 600 6, 174k 0.001 no 2 5 × 10−4 2 × 10−3 600 5.8 × 10−5 71.6
Fig. 3 800 × 400 × 400 11, 579k 0.0010 no 2 1 × 10−4 1 × 10−2 1400 2.9 × 10−5 147.7
Fig. 4 600 × 500 × 600 1, 715k 0.00083 yes/0.003 2 1 × 10−4 1 × 10−2 1000 3.0 × 10−5 288.3
Fig. 5 600 × 200 × 600 31, 879k 0.0025 no 1 1 × 10−4 1 × 10−2 1200 5.6 × 10−5 82.6
Fig. 6 300 × 240 × 300 28, 800k 0.0001 no 1 1 × 10−4 1 × 10−2 1200 7.5 × 10−6 4.9
Fig. 8 300 × 400 × 300 524k 0.0050 no 2 1 × 10−4 1 × 10−2 600/950/1500 1.6 × 10−5 13.2
Fig. 9 800 × 400 × 400 52, 895k 0.005625 no 2 1 × 10−4 1 × 10−2 1200 1.0 × 10−4 136.6
Fig. 10 720 × 400 × 400 10, 486k 0.0025 yes/0.001 2 1 × 10−4 1 × 10−2 1200 8.0 × 10−5 226.6
Fig. 11 300 × 450 × 300 12, 960k 0.00050 no 1 1 × 10−4 1 × 10−2 1200 2.1 × 10−5 93.3
Fig. 12 800 × 320 × 400 5, 289k 0.01 no 2 1 × 10−4 1 × 10−1 1200 6.0 × 10−5 118.3
Fig. 13 320 × 500 × 320 524k 0.00050 no 2 5 × 10−4 1 × 10−2 1500 1.2 × 10−5 52.3
Fig. 15 1000 × 400 × 80 9, 918k 0.002 no 2 1 × 10−4 1 × 10−2 900 3.4 × 10−5 35.3
Fig. 14 200 × 400 × 200 14, 137k 0.0005 no 2 1 × 10−4 1 × 10−2 1200 1.5 × 10−5 26.5
Fig. 16 800 × 400 × 400 27, 648k 0.01 no 1 1 × 10−4 1 × 10−2 900 6.5 × 10−5 312.3
Fig. 17 200 × 300 × 200 4, 042k 0.002 yes/0.001 2 1 × 10−2 1 × 10−2 1200 1.2 × 10−4 29.4
Fig. 18 1000 × 320 × 800 19, 971k 0.50 yes/0.003 2 3 × 10−4 1 × 10−2 1300 1.2 × 10−4 286.8
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